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MODERN METHODS OF ANALYSIS IN POTENTIAL 
THEORY* 


BY G. C. EVANS 


I shall take the liberty of interpreting the title in terms of a 
short discussion of certain problems that have been of recent 
interest, particularly to younger mathematicians, namely, the 
discontinuous boundary value problems of the Dirichlet and 
Neumann types, the mixed problem, and finally the generaliza- 
tions of the potential integral itself to others in which the 
integrand 1/r is replaced by 1/r*, 0<a<3. In this way my re- 
view will serve as a continuation of that of the late Professor 
Kellogg, but will diverge from it in the sort of problem to be 
considered. 


I. DIRICHLET AND NEUMANN PROBLEMS 


1. Plane Regions. It is a natural generalization of Poisson’s 
integral to write it in the form of a Stieltjes integral, 


2 


a? — 2arcos (¢ — 8) 


where F(@) is periodic and of bounded variation. If the dF(¢) 
is replaced by df(e) or f(de) the integral is interpreted as integra- 
tion with respect to an additive function of sets on the circum- 
ference, or in other words, with respect to an arbitrary distribu- 
tion of positive and negative mass on the circumference, finite 
in total absolute amount. 

The integrand (a?—r*)/[2x(a?+-r?—2ar cos (6—6@)) | may also 
be written in terms of the Green’s functions g(M, P) or its con- 
jugate (M, P), in which P is the point on which is performed 
the integration. In fact, (1) may be written in the form 

dh(M, P) 


* An address delivered by invitation of the Program Committee, at the 
Cambridge Meeting of the Society, September 5, 1936. 

7 O. D. Kellogg, Recent progress with the Dirichlet problem, this Bulletin, 
vol. 32 (1926), pp. 601-625. 
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in which a factor a has been absorbed in the f(e), and, for a 
smooth curve, 


dg(M,P) /dg(O, P) dh(M, P) dh(M,P) 

dnp dnp dsp dsp dh(O, P) 

In this form the expression (2) is evidently invariant under con- 
formal transformation, and, if the boundary is regarded as con- 
stituted of “prime ends” as elements, ordered according to the 
values of h(O, P), may be applied to any simply connected 
region and its boundary (provided that the latter does not con- 
sist of a single point). But it is easily seen that a necessary and 
sufficient condition for (1) is that u(M) be the difference of two 
functions harmonic and not negative in the circle; hence the 
same class of functions with reference to the general domain is 
represented by (2).* 

But also, except for an additive constant in the integrand, 
the form (1) may be rewritten in terms of the familiar expression 
for the potential of a double layer on the circumference. Such 
an expression, involving a direction of doublets, demands how- 
ever a certain smoothness in the curve itself, and therefore can- 
not be extended to general boundaries. Nevertheless, for re- 
gions bounded by curves which are sufficiently smooth, it repre- 
sents again the same class of functions. 

Curves of particular importance with respect to such prob- 
lems are those “of bounded turning,” introduced by Radon.f 
These are curves which have a forward and backward tangent 
at each point, such that the total variation of the angle turned 
through by a tangent remains bounded as the whole curve is 
traced. These curves provide a natural basis for the treatment, 
in terms of an extension of the theory of integral equations, of 
mass distributions on them and the related Dirichlet and Neu- 
mann problems, and thus generalize to a natural limit the 
earlier treatment of Plemelj in terms of general mass distribu- 


* G. C. Evans, The Logarithmic Potential, American Mathematical Society 
Colloquium Publications, vol. 6, New York, 1927. 

tJ. Radon, Uber die Randwertaufgaben beim logarithmischen Potential, 
Sitzungsberichte der Akademie der Wissenschaften in Wien, vol. 128 (1919), 
pp. 1123-1167. 
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tions.* The class of harmonic functions which is typical is rather 
the class of bounded than merely positive ones. But the analysis 
involves a much more searching study of linear functional opera- 
tions than the treatment of continuous density distributions in 
terms of the Fredholm theory of integral equations, and thus 
seems, with the work of Fréchet and F. Riesz, to be the basis of 
much of the modern theory of linear operations. As for the cor- 
responding problem in space, no one seems to have found the 
proper generalization of curves of bounded turning, the obvious 
one in terms of the Gaussian sphere not being adequate. 


2. Regions in Space with Smooth Boundaries. In three dimen- 
sions regions convenient for this sort of study are those with a 
bounding surface which has a tangent plane at every point and 
is such that the angle between its normals at nearby points 
P, Q is dominated by an expression N- PQ, where N is inde- 
pendent of P and Q. The potential of a double layer has the form 


(3) U(M) = f er), 


and represents again the class of functions which are differences 
of two positive harmonic functions. These are given also by a 
formula analogous to (2). In fact, the connection between v(e) 
and f(e) is stated in terms of Stieltjes integral equations. More- 
over the class of functions furnishes unique solutions of the 
boundary value problems in which is given on s an additive 
function which is the limit of the integral of U(M/) over arbi- 
trary pieces of smooth surfaces approximating to s. The func- 
tion U(M) itself approaches a limiting value as M tends to a 
point Q of s, for almost all Q, if 1/ remains within a cone with 
vertex Q and axis the normal at Q, the cone lying within the 
region. Analogous considerations apply to the Neumann prob- 
lem and potentials of a single layer. The data given in the 
boundary problem are the limiting values of the flux, or integral 
of the normal derivatives, over arbitrary pieces of the ap- 
proximating surfaces. 


* Plemelj, Potentialtheoretische Untersuchen, Leipzig, 1911. 

7 G. A. Garrett, Necessary and sufficient conditions for potentials of single 
and double layers, American Journal of Mathematics, vol. 58 (1936), pp. 95- 
129. Reference is given in this memoir to work of H. E. Bray, E. R. C. Miles, 
C. de la Vallée Poussin, and myself. Some of this same circle of ideas has been 
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3. Boundaries Consisting of Regular Points. The form (2), as 
we have said, we may expect to be carried much further in the 
direction of general boundaries than the form (3). In two dimen- 
sions there was no restriction on the (simply or finitely con- 
nected) domain. In three dimensions the question remains as 
to how far may be carried the representation of functions which 
are the differences of not negative functions harmonic in the 
domain—or more simply of functions positive and harmonic in 
the domain. 

A recent statement of this problem is given by Maria and 
Martin,* direct in the sense that it does not depend on con- 
formal mapping in its analysis. However, it involves the mass 
function obtained by the sweeping out of unit mass, which is 
equivalent to the limit on the boundary of the indefinite integral 
of the normal derivative of the Green’s function, and thus in 
two dimensions to the function h(M, P). What seems essentially 
novel in three dimensions is the use of the derivative of one 
positive function of point sets with respect to another,{ which 
yields the analog of the expression dh(M, P)/dh(O, P). 

Let then m(e, M) denote the mass distribution obtained by 
sweeping out unit mass located at a point M of the domain S 
onto the boundary s of the domain. This is the function whose 
potential is the solution of the continuous Dirichlet problem cor- 
responding to boundary values 1/r (where r= MQ, Q a boundary 
point) ; the distribution function is for given e itself harmonic in 
M, and provides the formula 


u(M) = f u(P)dm(ep, M) 


for the solution of the Dirichlet problem.{ What turns out to 


developed by G. Gunther, Sur une application des intégrales de Stieltjes au 
probléme de Neumann, Comptes Rendus de 1!’ Académie des Sciences, vol. 189 
(1929), pp. 447-450; Sur les Intégrales de Stieltjes et leurs Applications, Lenin- 
grad, 1932. 

* A. J. Maria and R. S. Martin, Representation of positive harmonic func- 
tions, Duke Mathematical Journal, vol. 2 (1936), pp. 517-529. 

+ P. J. Daniell, Stieltjes derivatives, this Bulletin, vol. 26 (1920), pp. 444— 
448. 

t C. de la Vallée Poussin, Extension de la méthode du balayage de Poincaré, 
et probléme de Dirichlet, Annales de I’Institut Henri Poincaré, vol. 2 (1932), 
pp. 169-232. 
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be the representation formula for the class of positive harmonic 
functions is the following: 


(4) u(at) = f 


where y(e) is a distribution of positive mass on s, and where the 
function 


dm(e, M) 


is the above mentioned set function derivative taken at the 
point P on s. With the f(P, M) thus fixed, with M, also chosen, 
to each u(P) there corresponds a y(e) and vice versa. 

This representation is contingent on the character of the do- 
main and its boundary. The domain need not be simply con- 
nected. Every boundary point is assumed to be regular with 
respect to the Dirichlet problem. It is also assumed that the 
“principle of Picard” is valid for every point of s, that is, a 
function positive and harmonic in S which vanishes continu- 
ously at every point of the boundary s except at one point Q is 
determined except for a multiplicative constant. 

In order to illustrate a situation where this principle is not 
valid, consider a plane domain T consisting of a circle cut along 
one radius, and let Q be an interior point of this radius. If M 
is a point of T there will be two values of dg(M, Q)/dn, say 
gi(M, Q) and g2(M, Q), according as the derivative refers to one 
side of the cut or the other. The two harmonic functions 
gi(M, Q) and g2(M, Q) are not negative and vanish as M tends 
towards the boundary, except at Q, and each vanishes for 
different modes of approach to Q. Hence they cannot be linearly 
dependent.* 

Now let E(u, S), with 120 in S and harmonic, be the set of 
points Q of s where lim sup u(M)>0 as M tends to Q. Let u, 


* In two dimensions the order of multiple boundary points is treated by 
C. Carathéodory with the invention of prime ends. The corresponding Dirichlet 
problem is discussed in G. C. Evans, The Logarithmic Potential, \oc. cit., p. 82. 

Asignificant generalization to three dimensions has been developed by F. W. 
Perkins, The Dirichlet problem for domains with multiple boundary poznts, 
Transactions of this Society, vol. 58 (1925). 
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be a sequence of functions of the above kind with limit function 
u. The third requirement on the boundary is that if E(u,, S) 
is contained in a closed set B of s for all m, the same property 
holds for u. 

Finally, a fourth requirement is imposed. For the given do- 
main S there must exist a sequence of nested domains S,, 
satisfying the first three requirements, with the following prop- 
erty. If Mo is a point of S, and B a closed set in S+s, and if 
u(M) is less than some fixed bound at Mo, has as domain some 
S,, and is such that E(u, S,) is contained in B, then u is bounded 
in a neighborhood of any point not in B, uniformly with respect 
to n. 

These four conditions guarantee the possibility and unique- 
ness of the representation (4). On the other hand, if the repre- 
sentation is unique, and in all cases u(J/) takes on the value 
zero at any point of s which does not lie on the nucleus of yu 
(that is, at a point which can be surrounded by a sphere which 
contains no mass), the first three conditions follow. In particu- 
lar, in the plane, it can be shown (by means of conformal trans- 
formations) that these four conditions are satisfied, for in- 
stance, by the domains bounded by simple closed curves. 


4. Poisson’s Equation. A positive harmonic function is not 
always expressible as a Newtonian potential of a distribution of 
positive mass, since even in the unit sphere a potential of a 
double layer is required. But a function which is harmonic in 
the whole of space except on a set where it becomes positively 
infinite is necessarily the Newtonian potential of a positive 
mass distributed on a set of capacity zero. Similarly a neces- 
sary and sufficient condition that a function, harmonic in a 
domain, be the potential of a distribution of positive mass on 
the boundary is evidently given immediately in terms of the 
Poincaré sweeping-out process. 

Related to such notions is the question of boundary value 
problems for Poisson’s equation. But for the same degree of 
generality with respect to mass distributions, the Laplacian 


+ u 
02? 


must be considered as some sort of differential operator as a 


= 
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whole. Zaremba’s definition,* where Y?(u) stands for 
u(x + h, y,2) + u(x — h, y, 2) + u(x, y+h,2) +--- 
+ u(x, y,2 — h) — 6u(x, y, 2), 
allows one to treat Poisson’s equation Y’u = —4zf(x, y, 2) with- 
out imposing a Hélder condition on the density f(x, y, z) of the 


mass distribution. Still more general is the expression of Pois- 
son’s equation in the form 


du 
—ds = 4rm(s), 
2 an 


where m(s) is the regularized function of surfaces corresponding 
to an arbitrary distribution of mass m(e).f 


II. THE MIxED PROBLEM 


5. A Uniqueness Theorem. The difficulty in the mixed prob- 
lem, in which limiting values which the harmonic function it- 
self takes on are given on a part of the boundary, and the 
values which the limit of the normal derivative (or indefinite 
integral of the normal derivative takes on) are given on the rest, 
lies in the specification of a convenient class of functions in 
which the solutions are unique. This difficulty seems to underlie 
also the application of the method of integral equations to the 
problem, for these carry with them some implication of function 
class. Accordingly we content ourselves with the working out 
of a fairly simple example of the problem, merely citing some 
of the bibliography of other studies.{ The solution will be given 
in terms of the simpler Dirichlet problem. 


*S. Zaremba, Contribution 4a la théorie d'une équation fonctionelle de la 
physique, Rendiconti del Circolo Matematico di Palermo, vol. 19 (1905), 
pp. 140-150. 

H. Petrini, Les dérivées premiéres et secondes du potentiel, Acta Mathematica, 
vol. 31 (1908), pp. 127-332. 

+ G. C. Evans, Discontinuous boundary value problems of the first kind for 
Poisson's equation, American Journal of Mathematics, vol. 51 (1929), pp. 1-18. 

1S. Zaremba, Sur un probléme mixte relatif a l équation de Laplace, Bulle- 
tin de l’Académie des Sciences de Cracow, 1910, pp. 313-344. 

L. Lichtenstein, Randwertaufgaben der linearen elliptischen Gleichungen, 
Journal fiir die reine und angewandte Mathematik, vol. 143 (1913); see pp. 93- 
105. 

H. Villat, Sur la résolution de certaines équations intégrales, et sur quelques 
problémes qui s’y rattachent, Acta Mathematica, vol. 40 (1916); see pp. 162-167. 
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Let S be an open circular region, s the circumference, O the 
center, and F a closed set of points on s of positive capacity.* 
Denote by s—F the sum of arc-intervals J;, Js, - - - , which is 
complementary to F with respect to s, and by CF the comple- 
ment of F with respect to the whole plane. Let f(P) be a func- 
tion which is defined and continuous on F, and h(e) a completely 
additive function of sets on s— F, that is, completely additive 
on each interval J; and such that its total variation is bounded 


on Yh. 


We note first the following uniqueness theorem: 


THEOREM. There cannot be more than one function u(M) which 
ts harmonic in S and 

(a) ts bounded in a neighborhood of F; 

(a’) takes on the values f(P) as M in S tends to P in F, except 
for a subset of points P of zero capacity; 

(b) zs such that bi (du/dn) ds is bounded as A in S tends to P 
in any closed subinterval of each I;; 

(b’) is such that {2 (du/dn) ds tends to h(PQ) where PQ is an arc 
interval and A tends to P, B to Q in an interval I, of s— F, except 
for a denumerable infinity of points P, Q. 


In fact, if w(M) is the difference of two possible u(M), and 
v(M) = {i (dw/dn) ds its conjugate function, the function »(M) 
is bounded as M tends to the boundary in any closed interval 
contained in an J; and takes on a constant value c; except at a 
denumerable infinity of points P of J;. It is therefore harmonic 
except for removable discontinuities at every point of J; and 
uniquely extensible across it, by means of the formula 

o(M) — ce = — o(M’), M’ inverse to M ins. 

It follows that w(M) can be made harmonic at every point of 
I, and that w(M) is extensible across the cut 7; by means of a 
formula 


G. C. Evans and R. N. Haskell, The mixed problem for Laplace’ s equation in 
the plane. Discontinuous boundary values, Proceedings of the National Academy, 
vol. 16 (1930), pp. 620-526. 

H. Hornich, Lésung einer vermischten Randwertaufgabe der Potentialtheorie 
durch hyperelliptische Integrale, Monatshefte fiir Mathematik und Physik, 
vol. 39 (1932), pp. 107-128. 

* A bounded set is of zero capacity if it will bear no positive mass dis- 
tribution with a bounded potential. It is of positive capacity if it will bear a 
positive mass distribution with a bounded potential; see de la Vallée Poussin, 
loc. cit. 
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w(M’) — w(M) = xz, @ constant. 
But since w(M) is harmonic on J;, we have 
w(M’) = w(M), 


and the function so defined is single valued and harmonic in the 
whole plane except on F, and bounded. It follows then that if 
w(M) is not identically 0, the set of points P on F where 
lim supy—p w(M)>0 or lim infy—p w(M) <0 contains a closed 
set of positive capacity, as M in CF tends to P.* 

This statement, however, contradicts our hypothesis. In fact, 
let Q be a point of F not in the exceptional set for w(M/) as 
defined in the hypothesis (@’) of the theorem. Let Mi, M2,---, 
M,, ~~ be a sequence of points in CF tending to Q. To these 
there corresponds a sequence N, in S, tending to Q, where 


N, = M, if M, is in S, 
N, = M, if M, is in C(S+s), 
N, lies in S sufficiently close to M,, if M, lies on an interval J;. 


The N, may therefore be chosen so that 0=lim,-.. u(N,) 
=lim ,-~. “(M,). Hence, for M in CF, limy—g w(M) =0 except 
for Q in a subset of F of zero capacity. 

We conclude then that w(M)=0 and u(M) is unique. 


6. Construction of a Solution. Let u(M) be the solution of the 
Dirichlet problem for the infinite region of boundary F cor- 
responding to the given values f(P). Such a solution exists, and 
takes on the boundary values f(P) continuously, except at the 
irregular points of F. These in fact constitute a subset (not 
necessarily closed) of zero capacity. 

The boundary values are taken on as M tends to P from CF, 
and therefore, in particular, from S. Moreover we note that 
u;(M)=,(M’), since the problem is unchanged by inversion 
with respect to the circumference s. 

In particular, let gr(A, B) be the Green’s function for the 
domain CF. Then again, with consideration of the inversion, 


(5) gr(A, B) = gr(A’, B’). 


We shall consider briefly the properties of the function 


1 
(6) u2(M) = — —f gr(M, P)dh(ep) = u(M’). 


* O. D. Kellogg, Foundations of Potential Theory, Berlin, 1929; see p. 335. 
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Let A, B be two points of S, which we shall allow ultimately 
to tend to two points X, Y respectively of the same interval J; 
of s— F, which are points of continuity of h(e), the polar angle 
of X being less than that of Y; and let / be a curve joining A, B, 
with a continuously turning tangent. We shall choose as a direc- 
tion of the normal at a point of / that direction which points 
toward the center when / has been deformed into X Y, and de- 
fine ds =|ds|. When A and B have become near to X, Y the flux 


B du 1 B dgr 
(6’) N -f —ds = — —f dh(ep) ds 
A d 


s—F A 


may be evaluated in simple terms. 
In fact, if we make an inversion in the circle s, letting n’ be 
the direction corresponding to m by the inversion, we have 


a an a’ dn’ a an p dn’ 
—2N = f dh(ep) | Ld log ds 

Tv s—F A dn MP dn 


] + (M’ P) 
p Ldn’ M’P dn’ 


where y(M, P) is harmonic and bounded, with its derivatives, 
as long as M is at a distance from F which is at least as great 
as some constant 6>0. We can therefore take A and B near 
enough to X and Y so that the integrals of | dy(M, P)/dns\ 
along radii from A to A’ and B to B’ will be as small as we 
please. Hence 


— 2N =— — log —— ds 

A’ 


: ] 
Oo 
p dn’ M’'P 


+ B), 


where given e>0, we can take A, B close enough to X, Y so that 
| n(A, B)| <e. 


In fact the integral of the exterior normal derivative of y(M, P) 
around the closed contour A BB’A’A is zero. Moreover 


= 
— 
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] d. BPA 
— log —— ds = — : 
dn MP 
] ds’ xX A’PB’ 
p dn’ . M’P 
by direct computation. 
Accordingly 
1 
lim NV = — lim (X BPA + X A'PB’)dh(ep) 
A=X 2m A=X Jar 
B=Y B=Y 


and since the integrand remains bounded as A tends to X and B 
to Y, and X, Y are not point masses of h(e), it follows that 
(7) lim NV = h(Ixy), 

A=X 

B=Y 
where Ixy stands for the arc interval X, Y. There are, of course, 
at most a denumerable infinity of point masses of h(e). 

The function 
u(M) = u,(M) + u2(M) 

is a type of solution of the mixed boundary value problem. In 
order to bring it into the class of solutions to which the unique- 
ness theorem applies, we must, however, make restrictions on 
the set function h(e) or the set F, or both. The function ,(M/) 
gives no trouble. The function u2(M), if h(e) is not restricted, 
may however become infinite at points which are ends of inter- 
vals I,, and even at certain other points—if for example F is 
a perfect non-dense set on s. The points of F which are limit 
points of s—F need not constitute a set of zero capacity. 

On the other hand, if h(e) is absolutely continuous and its 
derivative is bounded, the function u2(M/) vanishes continuously 
at every regular point of F; for gr(M, P) is the Green’s func- 
tion for F, and it vanishes at regular points of F, and, 
since 0<gr(M, P)<log 1/MP, the absolute continuity of 
Js-rge(M, P)h'(P)dsp is uniform as M approaches a point Q 
which is in F. 


THEOREM. Jf h(e) is absolutely continuous, with a bounded 
derivative, the function u(M) =u(M)+u2(M), where u,;(M) and 
u2(M) are the functions defined in this section, is a solution of the 
mixed boundary value problem and belongs to the class of functions 
to which the uniqueness theorem of §5 applies. 


i 
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Another special case arises if F consists merely of a finite 
number of closed intervals, and h(e) is absolutely continuous 
with a bounded derivative in a neighborhood of the end points 
of each interval of s—F, so that u2(M) remains bounded in a 
neighborhood of F. 

Hornich considers this latter case, with continuously given 
boundary data, and also generalizes the problem by consider- 
ing the case in which along the real axis values of the quantity 


are assigned on certain intervals (b intervals) of the boundary, 
while the values of u itself are assigned on other intervals (a 
intervals).* His method is likewise an extension of his method 
used in the earlier problem, namely, the construction of a 
Green’s function as the real part of a function of a complex 
variable, with branch points at the ends of the intervals. In 
this case, however, the function is not uniquely determined, 
if it exists, unless the a- and b-intervals alternate. 

A related problem is the three dimensional one, discussed by 
Bouligand, Giraud, and Delens,{ where the boundary values of 
a slanting derivative are given. If the direction of the given 
derivative is nowhere tangent to the boundary, a uniqueness 
theorem can be deduced inmediately. For the difference of two 
such solutions would be one with a zero slanting derivative, 
and, for sufficiently smooth boundaries, if this solution were not 
identically zero, the derivative could not be zero at the points 
of the boundary at which the function took on its highest and 
lowest bounds. By construction of a generalized Green’s func- 
tion (of which the Laplacian is not zero), based on a “potential 
of an oblique double layer,” the solution may be written ex- 
plicitly, provided that the given derivative is subject to a cer- 
tain integral condition of compatibility. The differential geom- 
etry of the situation in the case where the homogeneous problem 


* H. Hornich, Die allgemeine vermischte Randwertaufgabe der ebenen Po- 
tentialtheorie, Monatshefte fiir Mathematik und Physik, vol. 39 (1932), pp. 
455-460, and vol. 41 (1934), pp. 7-19. 

t G. Bouligand, G. Giraud et P. Delens, Le Probléme de la Dérivée Oblique 
en Théorie du Potentiel, Paris, 1935. 
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has solutions, the given direction being somewhere tangent to 
the boundary, may be developed in terms of a special theory of 
congruences. 


III. POTENTIALS IN SPACE, NOT NEWTONIAN 


7. Form of Integral. The potentials to be considered are of the 
form 


1 
(8) u(M) -f — dm(ep), r= MP, 0<a <3, 


in which the mass is located on a closed bounded set F in space. 
These do not seem to be subject to differential equations—ex- 
cluding fractional derivatives—unless the mass is localized on 
a set of special character. For instance, if the mass lies in the 
plane x =0, the potential for values of x #0 satisfies the equation 


4a—1 du 
+ —=0, 


which is called Green’s equation by Pierre Humbert.* The same 
remark applies to potentials of more general form where 1/r* 
is replaced by a suitable function ®(r). 

Of special interest, however, are the results which are inde- 
pendent of particular forms of mass distribution, and thus do 
not depend on the methods of differential equations. In this 
direction, the recent thesis of Otto Frostmantf deals with the 
problem of capacity and conductor potential, as related to the 
transfinite diameter of Fekete and Pélya and Szegi, f and makes 
application to the complex variable on the two dimensional 
sphere. The present section may be regarded as an introduction 
to the work of Frostman. The problem which we take up will 
be that of the conductor potential. Our methods will differ only 
slightly from those of Frostman and we shall only slightly ex- 
tend his results. 


* Humbert, Potentiels et Prépotentiels, Paris, 1936. 

¢ O. Frostman, Potentiel @’ Equilibre et Capacité des Ensembles, Lund, 1935. 

t Pélya and Szegé, Transfiniter Durchmesser ebener und réumlicher Punkt- 
mengen, Journal fiir die reine und angewandte Mathematik, vol. 165 (1931), 
pp. 449. 
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8. Minimum Energy. The intrinsic energy, or simply the 
energy of a distribution, is defined as the iterated integral 


1 
(9) I -ff 


It is a quantity which Frostman shows to be positive, if finite, 
when a(e) is any additive function of point sets, not necessarily 
positive; in fact J=0 only if a(e) =0. This result is obtained by 
rewriting J as the integral over space of a square of a potential, 
making use of the identity 


1 1 1 a 
f —- dP = const. , 
w MP*® POv W 


and taking 8=~7. An equilibrium distribution or conductor dis- 
tribution, if it exists, is a distribution of a given total mass on 
F in such a way as to give to J its minimum value; the resulting 
potential is the equilibrium or conductor potential. 

For convenience in this exposition it will be said that a set F 
is of zero capacity if the energy of any distribution of positive 
mass located on it is + ©, and of positive capacity if it is possible 
to distribute positive mass on it in such a way that J remains 
finite.* If F is of positive capacity and yu(e) and X(e) are two dis- 
tributions of positive mass on F such that the energies J(u) and 
I(A) are finite, it can be seen that u(e) +(e) is another such dis- 
tribution, and also that the quantity 


4; 


entire space, 


1 
( d 
I(u, d) J MP= du(es) A(ep) 
is finite. In fact 
+ = + 270, + 


Suppose then that we have two closed bounded sets of posi- 
tive capacity, F,, F2,, with no point in common, and therefore 
at a positive distance 6, and that a distribution of positive mass 
u(e) of total mass p is spread on F, and a distribution of nega- 
tive mass—v(e), of total value —v, is spread on F2. Does there 


* It can be shown that this definition is equivalent to that in which the 
words “its potential remains bounded” are substituted for the words “J re- 
mains finite.” 
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exist such an arrangement for which the energy J takes on a 
minimum value? 
We write 


1 1 
u(M) -f euler), -f Or): 
PF, 


w(M) = u(M) — o(M), 


1 
[ = d[u(er) — v(ep)|d[u(ex) — v(ex) | 


(10) 
= f w(M)dy(ex) -f w(M)dv(ex) 
Fy 
= I(u) + I(v) — 27 (u, ») 
-f u(M)du(ex) +f v(M)dv(ew) — 2f v(M)dy(em). 
P; F; Fy 
Let pn(e), vn(e), m=1, 2, - - - , be a sequence of pairs of distribu- 


tions with the given total masses for which the corresponding 
values J, of I tend to the lower bound Jo of J. Since y,(Fi) =p, 
v,(F2) =v, there exists a subsequence of {”} for which these 
mass distributions converge in the weak sense to mass distribu- 
tions po(e), vo(e) respectively. And without loss of generality we 
may regard all the values of m as restricted to this subsequence. 

Let J’ denote the energy of the distribution po(e) —vo(e) and 
uo(M), vo(M) the respective potentials of yo(e) and vo(e). We 
wish to show that J’ 

The function 1/]/P« is lower semi-continuous if M and P 
both lie on F,; (or F:) and is continuous if M lies on F; and P 
on F,. Hence, by the weak convergence,* 


lim inf I(u,) 2 I(uo), lim inf I(v,) 2 I(v), 


lim I(tn, vn) = I (uo, v0), 


n= 


and 


lem f’. 


* As in Frostman, loc. cit., p. 33. 
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But yo(e), vo(e) are admissible distributions, so that 


It follows that I’=Jo, and the distribution oo(e) =uo(e) —vo(e) 
is one for which J takes on its lower bound. 


9. The Equilibrium Distribution. It remains to find the char- 
acter of such a conductor distribution oo(e) =o(e) —vo(e). To 
this end we let du(e) be a distribution on F, for which the energy 
I(6u) is finite; it follows that J(uo+é6u) and I(uo, du) are also 
finite. By substitution, it may be verified that the change of I 
is given by the formula 


AI = 2f — dvo(er) dou(eq) 
FP,” 


(11) 
~2 + Tox), 
where 
0 if = 0 and + du(e) = 0. 


The conditions in (11’) can be met if we write (making use of 
the principle of the Lagrangian multiplier) 


(11”) du(e) = e>0, 


where ¢(e) is a positive mass distribution on Fj, and € is small 
enough, ¢(e) being chosen so that J(@) is finite. Then J(6y) is 
also finite, and from (11’) it is deduced as a necessary condition 
that 


wo(Q)dbu(eq) = 0; 


1 


= 
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for otherwise AJ would be <0 for € small enough. We have then 
the necessary condition 


which, by defining 


may be written in the form 


where ¢(e)=0 and is finite. 

It follows that w(Q)2=Ji everywhere on F,; except possibly 
on a subset whose capacity in our sense is zero. 

Denote now by FY the closed cover of the subset of F; on 
which the distribution po(e) lies, so that any point in F,— FY 
may be surrounded by a sphere which contains no mass, and 
that property holds for no point of F/ . Then we shall see that at 
every point of Fy, wo(Q)SJi. 

In fact, if P is a point where wo(P) >Ji:+2n, n>0, we can 
surround P by a sphere in which everywhere wo(Q)=>Ji+n; 
for wo(Q) is lower semi-continuous. By hypothesis, this sphere T 
contains a portion of the mass po(e). Take now ¢(e) = —po(T'-e). 
The conditions in (11’) will still be met if € is small enough and 
buo(e) is given by (11’’). But now, for small enough ¢ we shall 
have AI <0, since the left hand member of (12) will be negative. 
This result is in contradiction with (11’).* 

A similar result with inequality signs reversed is obtained for 
F., when we write 


Jo = vol Fs) Wo(Q)dvo(eg) . 


The result to this point may be summarized as follows: 


* At this point, our solution answers the problem of the conductor dis- 
tribution of positive mass on F, of given total amount, under the influence of 
an arbitrary fixed distribution of mass on F2. 
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Given a distribution of positive mass on F, of total amount pu 
and of negative mass on Fz of total amount —v, F, and Fy, being 
closed bounded sets of positive capacity, with no point 1n common, 
there will be distributions po(e), —vo(e) which will make the total 
energy (9) a minimum. 

There will be two constants, J,, J, such that the potential w(M) 
of pol(e)—vol(e) will, except for possible subsets of capacity zero, 
satisfy the relations 


Wo(M) = Is, M on Fy; Wo(M) < Je, M on F2, 


w(M)=J:1, MonFi{; w(M)=Je, MonF, 
where F{ and F? are the portions of F, and Fy. respectively which 
bear the masses o(e), vole). 


The integral J thus has the value 
Io = Jip — Jov. 


We have also the following result: 
The minimizing distribution is unique. 


Suppose in fact that mo(e), —o(e) form a second distribution 
on F, and F, respectively for which the energy is Jo, the total 
amounts being u, —v, the same as before. Writing o(e) =po(e) 
—vo(e), o’(€) =mo(e)—no(e), Ji, JZ as the constant values of 
the new potential, we have 


I(o-—o’) 20. 
But 
I(o — o’) = I(c) + I(o’) — 21 o’) 


= Hy wote’ f wh do, 


FP, 


-f we dvo = (Ji + €s)u — (Jz — ea)v, 
F 


2 


| 
and 
ff = f dito 
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where by the theorem stated above (for example, wo= J; on F;), 
we have ¢;20, 1=1, 2, 3, 4. Hence, 


I(o — o’) = — eye — ey — — ew SO. 


From this and the previous inequality it follows that I(¢—o’) 
=0, and, by Frostman’s theorem, that o(e) =o’(e) for all sets e 
measurable (B). But then the potentials of the two mass dis- 
tributions are also identical. 


10. Total Masses Variable. We may consider various values of 
the total masses yp, v. If y=0, »=1 we obtain the “equilibrium 
distribution” for a unit positive mass on Fj, as considered es- 
pecially for a21 in the memoir cited. We notice however that 
there is also a unique equilibrium distribution for the case 
0<a<1, under the same conditions. We denote the energy in 
this case by 12). 

Let y= —1 and write Je. Let a(e) —v(e), 
where yu(e), —v(e) are distributions of total amounts m, —m on 
F, and F, respectively, and define the averages 


1 1 


If u(e), —v(e) are not identical with mpo(e), —myo(e) respectively 
on all sets measurable (B), then 


(14) I(a) > > 0; W1 — > mig > O. 


In fact, mip <I (co) 

Finally, let us take uv, v variable, but 1 =v+1 so that we shall 
consider the equilibrium distribution of a total algebraic mass 
of amount 4—v=1, the positive mass yu(e) on F, and the nega- 
tive mass —v(e) on Fy. We show that under these conditions, 
with p, v variable and w=v-+1, there is an optimum distribution 
which makes I a minimum. Evidently in this case J)= J2=Io, the 
minimum value. 

In fact, the reasoning of §8 of this Part III applies unless for 
every infinite subsequence of the y,(e), v,(e) the v,(F2) fail to 
be bounded. In order to eliminate this possibility, it will be 
shown that J becomes indefinitely large with v and hence can- 
not thus approach its lower bound. 


= 
= 
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Write u(e) =p(e)+m(e) with p(e) 20, m(e) 20, p(F:) =1, so 
that m(F,) =v(F2) =v. Let the potential of p(e) be u’(M) and 
that of m(e)—v(e) be w’(M). Then 


I= [u’(M) + w’(M) |d[p(em) + m(ex) | 
+ wan laren) 
f w'dm -f +f wap + f u'dm -f u'dv, 
Fy P, P, 
or 


6 being the minimum distance between points of F, and F». 
Accordingly I becomes infinite with v. 


11. Special Case. Nothing has been said about the more inter- 
esting and important problem in which 6 may be zero, or in which 
F, and F, overlap. It is not certain that this general problem has 
a solution. The simplest possible problem of this kind is that of 
two concentric spherical surfaces, where the radius of the inner 
surface is variable. We shall see that a solution of the problem 
exists in this case. We take a <1. 

The formula for the potential of unit mass, spread uniformly 
on a spherical surface of radius r, at a point distant & from the 
center is found by integration to be the following: 


1 
(15) &) = 7) = ———— j (r + &)* * —| — 
Hence for a positive distribution of amount 1+ spread uni- 
formly on a spherical surface of radius a and a negative one of 
amount —v spread similarly on the concentric surface of radius 
b, b<a, the potential is 


(16) V(é) = (1 + »)u(a, &) — vu(d, 


The equilibrium distribution for a given value of 6, which we 
have already seen to exist, is given by the condition V(a) = V(b), 
so that 
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u(b, a) — u(a, a) 
u(a, a) + u(b, b) — 2u(a, b) 
The corresponding value of J=(1+v)V(a)—vV(b) = V(a) is 
I = u(a, a) — v{u(b, a) — u(a, a)}, 


or 


{u(b, a) — u(a, a)}" 
u(a, a) + u(b, b) — 2u(a, b) 


(16’) I = u(a, a) — 


We wish to show that the lower bound for J, as b varies, is 
taken on for some value of 6 in the open interval 0<b<a. In 
fact, (16) and (16’) represent functions of 5 which are con- 
tinuous and differentiable except at b=0 and b=a, and it is 
therefore merely necessary to show that } cannot approach 0 or 
a while J tends to its lower bound Jp. 

Since a<1, the potential of a positive mass distribution is 
strictly superharmonic. Hence u(a, a)<u(a, £), E<a, that is, 
the potential of the uniform distribution of unit positive mass 
on the surface of radius a is greater inside than on the surface. 
Hence the energy can be reduced by putting a small negative 
mass uniformly on a sphere of radius b, 0 <b <a, and placing the 
equivalent positive mass on the sphere of radius a. Accordingly, 
for the energy as given by (16’) we have I<u(a, a), and there- 
fore 


In < u(a, a). 
But now, if we let 5 tend to 0 in (16) and (16’), u(6, b) becomes 


positively infinite, while the other quantities in the expressions 
remain finite. Hence 


lim v = 0; lim I = u(a, a). 
b=0 b=0 


Similarly, if we let b tend to a, with b<a, we find by the 


elementary differentiation process that 
limv=+0, 
b=a—0 
but again, that 
lim I 
b=a—0 


u(a, a). 
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Since u(a, a) >Io, this lower bound J» will be attained for some 
value of b in the open interval (0, a). 


12. The Principle of the Maximum. Frostman limits his dis- 
cussion in the main to functions 1/r*, a>1, or to their general- 
ization ®(r) which retains the subharmonic property. In this 
case, for distributions of positive mass of total amount unity 
on a closed set F of positive mass, the equilibrium distribution 
corresponding to the minimum energy is constant on F except 
for a subset of zero capacity. This fact enables the author to ex- 
tend the sweeping-out process of Poincaré and Gauss. In par- 
ticular there is deduced the extension of Maria’s theorem, 
established by him for a=1,* that the upper bound of the po- 
tential of an arbitrary distribution of mass is as great on the set 
where the mass lies as it is on the complementary set. On ac- 
count of the strictly superharmonic character of the potential 
when a <1, this theorem does not hold when a <1. 

From Maria’s theorem follows the further fact that, if Q isa 
frontier point of F, P a variable point of F, and M of CF, then 


lim sup S lim sup «(P), 
M=Q P=Q 


where u() is the potential of an arbitrary distribution of posi- 
tive mass on F. It therefore remains valid for a>1, but even 
this narrower statement appears not to be true for a<1. 


THE UNIVERSITY OF CALIFORNIA 


* A. J. Maria, The potential of a positive mass and the weight function of 
Wiener, Proceedings of the National Academy of Sciences, vol. 20 (1934), pp. 
485-489. 
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THE EXISTENCE OF ALGEBRAIC PLANE CURVES* 
BY T. R. HOLLCROFT 


I. CURVES IN GENERAL 


1. Introduction. In this discussion, only proper or irreducible 
algebraic plane curves are to be dealt with; so, unless otherwise 
stated, the term “curve” will mean an irreducible, algebraic 
plane curve. The treatment will be from the point of view of 
algebraic geometry. General curves will be treated first, fol- 
lowed by a discussion of regular and irregular curves. Citations 
are given by number referring to a brief alphabetical bibliog- 
raphy at the end of the paper. All results that have been previ- 
ously published are accompanied by a citation. 

A curve is of order n, class m, genus ~, with 6 nodes, x cusps, 
7 bitangents, « statangents (contraction of “stationary tan- 
gents”). Julius Pliicker [15], just a century ago, discovered a 
very remarkable set of relations involving the above seven 
characteristics. These relations, which may be expressed in vari- 
ous ways, are called “Pliicker’s equations.” When any three 
characteristics are given, the other four are uniquely determined 
by these relations. A curve system, therefore, will be defined by 
given values of three characteristics. B. Segre [16] has chosen 
the three characteristics n, p, x and represents a curve system 
by the symbol (n, p, x). This notation will be used here. 

The Pliicker relations defining m, 5, 1, 7, in terms of n, p, x are 


m= 2(n+ p—1)—k, 
5 = 3(n — 1)(n — 2) —p—k, 
= 3(n + 2p — 2) — 2x, 
r = 3[(2n + 2p — x)? — 4(5n + 7p — 6) + Lik]. 
A curve system (n, ~, x) includes all curves with the given 
set of characteristics without regard to existence. Other systems 
may be obtained from a given system (n, p, x) algebraically, 


that is, a nodes may be added by decreasing p by a; a cusps 
added by simultaneously increasing x by a and decreasing p by 


* An address delivered before the Society on February 20, 1937 in New 
York, by invitation of the Program Committee. 
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a; a nodes changed to cusps or a cusps to nodes by respectively 
increasing or decreasing x by a. These statements hold for posi- 
tive or negative values of a so that the term “added” implies 
algebraic addition. 

A complete curve system (B. Segre [16], p. 32) is a system 
that is not contained in a larger system of curves with the same 
characteristics. A continuous system is one whose descriptive 
properties only are defined. 

A curve system (n, p, x) will be said to exist, that is, to define 
the characteristics of a curve that exists, when 

(a) The algebraic equation of a curve of this system can be 
written in the polynomial form or in parametric form with one 
or more parameters and it can be proved that its polynomial 
equation cannot be factored, that is, is irreducible. 

(b) A curve of this system can be constructed and proved to 
have an irreducible algebraic equation. 

(c) A curve of this system can be transformed into a curve 
known to exist by any non-degenerate rational algebraic trans- 
formation. 

Conditions (b) and (c) are really contained in (a) so that the 
question of the existence of a system (n, p, x) becomes—does 
the curve system define a curve which has an irreducible alge- 
braic equation? 

The problem of the existence of plane curves is of basic im- 
portance because the existence of curves and manifolds of 
higher space may be made to depend upon that of plane curves. 

In the plane itself, the only noteworthy progress made has 
been in the case of curves whose only singularities are distinct 
nodes and cusps. Snyder [20] in 1908 and Severi [19] in 1921 
proved that curves with no cusps and any number of nodes up 
to and including the maximum exist. For curves with only nodes 
and cusps, the problem of existence is closely related to that of 
determining the maximum number of cusps of a curve. 


2. Conditions for Existence. Conditions for the existence of 
a curve system (n, p, x) are necessary, sufficient, or both neces- 
sary and sufficient. 

(1) Necessary conditions. The most obvious necessary condi- 
tions for the existence of curves are Pliicker’s equations. From 
these relations are derived formulas for the maximum number 
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of cusps (Clebsch [2]; Lefschetz [13]; Hollcroft [8]) of a curve 
of given order and genus. Such limits, called Pliicker limits, are 
necessary conditions. 

Cramer [4] in 1750 found certain necessary conditions for the 
existence of curves with multiple points from the maximum 
number of intersections of such a curve with another curve 
through these multiple points. He made a table of the possible 
multiple points for curves of order n <8. Using a similar process, 
Pliicker ({15], p. 215) derived the well known necessary con- 
dition 6+«<4(m—1)(n—2). 

If the reality of the singularities of the curve is taken into 
consideration, Klein’s Theorem [12], »+i+2t/’=m+k+2d”, 
wherein () [k] is the number of real (statangents) [cusps] and 
(t’’) [d’’] the number of isolated (bitangents) [nodes], is an 
additional necessary condition for the existence of the curve. 
The limits to the number of real cusps (Hollcroft [10], pp. 777, 
781) for a curve of given order and genus, since they are derived 
from this theorem and Pliicker’s equations, are, therefore, neces- 
sary conditions. 

(2) Sufficient conditions. There are few sufficient conditions 
for existence that are not also necessary. Sufficient conditions 
only, however, are given by the two following theorems due 
to B. Segre ([16], pp. 36-37): 


THEOREM 1°. If a continuous regular system (n, p, x) exists, 
there exist also the regular systems (n, pi, ki) where p, and x, 
satisfy the inequalities 0S x, Sk, pS pi 5} (n—1)(n—2) 


THEOREM 2°. Given two regular systems (m, pi, Kk) and 
(m2, pe, Ke), if there exists a curve of one system that touches a curve 
of the other in h simple points, and the additional intersections 
n\n2—2h are distinct points, then there exists a regular system 
(n, p, x) such that 


n= + Ne, K=Kitketh. 


Because of the paucity of sufficient conditions for the exist- 
ence of curves, these theorems are of great importance. The 
latter theorem has given added significance to the problem of 
determining the maximum number of contacts of two curves of 
given systems. 
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(3) Necessary and sufficient conditions. Conditions that are 
both necessary and sufficient for the existence of curves are 
implied in the definition of existence in the preceding section, 
namely, that an irreducible polynomial equation of the curve 
can be either obtained or proved to exist. The fact that the 
equation is algebraic, rational, integral, and irreducible is suffi- 
cient for the curve to satisfy all necessary conditions. 


3. The Dimension of a Curve System. The equation of the 
general curve of order contains }u(n+3) independent coeffi- 
cients. The curves of this system are in (1, 1) correspondence 
with the points of S,n43)2 and the system is said to be of dimen- 
sion 2(n+3)/2. The values of a certain number of coefficients 
may be determined in terms of the others by algebraic relations 
associated with geometric conditions on the curve. Such a con- 
dition is expressed by a system of a21 algebraic equations in 
the coefficients. The $(7+1)(~+2) homogeneous coefficients of 
the general system of curves may be considered the homo- 
geneous coordinates in Sy n+43)/2. The system of a independent 
equations in the coefficients that are associated with a certain 
condition thus define uniquely an algebraic manifold in Sy¢n4s)/2 
whose dimension is u(n+3)/2—a and whose order is the 
product of the degrees of the a equations of the system. (Severi 
[19]). 

Conditions involving relations among the coefficients of a 
curve are of two kinds; first, metric conditions, that is, those 
associated with position in the plane. Metric relations may be 
linear or of any order in the coefficients. The second kind of con- 
dition is that defining a property of the curve which is invariant 
under a plane collineation. The associated algebraic relations 
among the coefficients are called invariants of the curve. The 
order of an invariant is always greater than unity. Lefschetz 
({13], p. 24) has proved that a curve of order m and genus 
p=2 cannot have more than 3u(n+3)—8 independent invari- 
ants. 

With each node of a curve is associated one invariant and with 
each cusp, two invariants. It has been proved (Severi [19]; 
Snyder [20]) that the 6 nodal invariants associated with any 
number 6 <3(m—1)(n—2) of distinct nodes of a curve of order 1 
are independent. It is also true that the cuspidal invariants are 
all independent for curves of low order that have been treated in 
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detail algebraically. Likewise, from Pliicker’s equations there 
results the necessary relation 


dj = 4n(n + 3) — 6 — 2x = 4m(m+ 3) —7 — 2X, 


which (for the curve system whose only singularities are distinct 
nodes and cusps) appears to express the well known fact that 
the number of independent coefficients in the equation of a 
curve in point coordinates equals the number in the equation of 
the same curve in line coordinates. 

In 1913, Lefschetz ([13], p. 26) stated his postulate of 
singularities which is to the effect that each distinct cusp of a 
curve is always associated with two independent invariants. 
This postulate is a statement of what had been found true in all 
cases investigated up to that time. It could not be proved true 
in all cases, but the above relation for di’ seemed to indicate its 
validity. 

In 1929, B. Segre ([16], pp. 34-35; [17]) discovered a curve 
system with distinct cusps, to be discussed in section 8, that does 
not satisfy the Lefschetz postulate. This contradiction is suffi- 
cient to prove that the postulate does not hold in all cases. 

With B. Segre [16], the first virtual dimension of the system 
(n, p, k) is dj =3n+p—x-—1. The virtual dimension dy of a 
curve system with given singularities (not defined in position) 
is the number of independent coefficients that would remain in 
the equation of a curve of this system if all of the singularity in- 
variants were considered independent. The effective dimension 
d is the actual number of independent coefficients in the equa- 
tion of such a curve system. For a curve system whose only 
singularities are distinct nodes and cusps, dd =dp. 

The effective dimension d of an irreducible curve system is 
also defined as the dimension, reduced by one, of the character- 
istic series of the curve. The characteristic series has an index 
of specialty i=0 and a deficiency w20. By the Riemann-Roch 
Theorem, d+w=d)+i. B. Segre ({16], p. 33) has proved that 
d=d, for all complete, continuous curve systems. He calls a 
curve system regular for which d=d) and irregular for which 
d>do. 

Although proved not to apply in all cases, the Lefschetz pos- 
tulate can now be partially revived, that is, all regular curves 
satisfy the Lefschetz postulate. The converse, however, is 
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not true since other than cuspidal invariants may be depen- 
dent (see §10). 


4. Curves with Distinct Nodes and Cusps. In 1913, Lefschetz 
[13] derived from Pliicker’s equations the following limits to 
the number of cusps of a curve of given order and genus: 


For O= po, 
S + 2p — 2); 
bo < pS — 2)(n — 3), 
S 2(n+ p) —4{11+ (24p — + ; 
— 2)(n — 3) S pS 1)(n 2), 


3(n — 1)(n — 2) — p. 


In the above formulas, po = [3{u+1—(4n+1)"?} ]. The genus 
Po is the least genus of the curve systems of minimum class for 
a given ” 

The Pliicker limits for p< fo and p> result from the in- 
equalities .=>0 and r=0 respectively, that is, the fact that none 
of Pliicker’s numbers can be negative when the curve is irre- 
ducible. Curves with the maximum number of cusps for a given 
order and genus have been designated maximal cuspidal curves 
(Holicroft [9]). 

Lefschetz [13] and Coolidge [3] have established the exist- 
ence of maximal cuspidal curves of genus p< po and by Segre’s 
Theorem 1° ([16], p. 36), the existence of all curves with dis- 
tinct nodes and cusps of genus p< fp is proved. All such curves 
are also regular ([{16], p. 33). 

If a curve exists, its reciprocal exists. The reciprocals of curves 
of order m and genus when 
are curves of order m for which it may be that p> [}{m+1 
~ (4m-+1)"/?} ]. In such cases, however, the number of cusps t 
of the reciprocal is always less than m+2p—2. The existence of 
these curves of genus greater than fo does not aid in establishing 
the existence of curves of genus greater than fp with a number of 
cusps equal to or near the Pliicker limit for that genus. With 
the exception of an irregular system shown to exist in §8, no 
general system of maximal cuspidal curves of genus p> has 
been proved to exist. 

The two following theorems define curve systems whose re- 
ciprocals are maximal cuspidal curve systems, and conversely: 


K 
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1. Every curve system of order n for which x1 and 6=n—A4 is 
the reciprocal of a maximal cuspidal curve system of genus p< Po. 


2. Every curve system of order n and class m with x=0 cusps 
and 6<n—S5 nodes is the reciprocal of a maximal cuspidal curve 
system of order m and genus p such that po< pS (m—2)(m—3)/6. 


II. REGULAR CURVE SYSTEMS 


5. B. Segre’s Results. By establishing the completeness of the 
characteristic series* of a complete continuous system of curves 
(n, p, x) for which x<3mn and 7 is sufficiently large, B. Segre 
({16], p. 33) proved: 

All continuous systems of irreducible algebraic curves whose 
only singularities are distinct nodes and cusps, provided that 
k<3n, are regular, that is for such a system, di =dy=d=3n 

In the same paper ([16], pp. 36-37), he gave the two 
Theorems 1° and 2°, which have been stated as sufficient condi- 
tions for existence in §2. A third theorem, Theorem 3° ([16], 
p. 37) is derived from Theorem 2° by considering the second 
curve system as a line counted twice, that is, (#2, pe, ke) 
=(2, —1,1). 


THEOREM 3°. If a regular system (m, pi, K:) exists for n,=3, 
there exists also the regular system (n, p, x) such that 
n= m+ 2, — 2, K=Ki+m+1. 


From the four preceding theorems, Segre derives the existence 
theorem: 


There exist continuous regular systems (2n, n?—3n-+1, n?) for 
n=3 and (2n+1, n?—2n+1, n?+n—1) for n21 of irreducible 
curves with only cusps. 


Theorems 1°, 2°, 3° are given without proof. 
There are questions as to the field of validity of Theorem 3° 


* The proof is similar to that of Severi [19] in the case of nodes. Severi 
proved that all continuous systems (n, p, 0) are regular. 

+ By Pliicker’s equations, the least value of m for which x =3m is 11. This 
is a self dual curve and probably does not exist. For mn, when x=3n, 
m=n(n—10) and p—1=(m-+n)/2. The system (12, 19, 36) is the one of lowest 
order for mn. The least value of m for which this theorem holds when « 
=3n—1 probably lies between 12 and 17. 


= 
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and therefore of the above existence theorem derived partially 
from this theorem. This will be discussed in section 7. 


6. Zariski’s Results. Zariski studied the surface 2"=f(x, y) 
where f(x, y)=0, the branch curve [21] of the surface, is an 
algebraic curve with given singularities. In 1929, he proved the 
theorem [22]: 


If n=q*, where q is a prime number, and f(x, y) =0 is an tr- 
reducible algebraic curve, then the surface 2" =f(x, y) is regular. 


A regular surface F of order m is one for which p,—),=0, 
where p,, the arithmetic genus of F, is one more than the virtual 
dimension of the system of adjoint surfaces of order n—4 and 
p,, the geometric genus of F, is one more than the effective di- 
mension of the same adjoint system. The geometric genus is 
also defined as the number of everywhere finite abelian double 
integrals of the first kind associated with the surface F. The 
difference I= p, — p.20 is called the irregularity of F. 

Let f(x, y)=0 be a curve f of order nm with no singularities 
other than distinct nodes and cusps. The surface F with equa- 
tion 2"=f(x, y) has compound double points at the nodes and 
cusps of f in the plane z=0. An adjoint surface ¢(x, y, z) =0 of 
order n—4 does not pass through the ordinary double points of 
F, but may pass through compound double points of F. 

By studying the behavior, at these double points of F, of the 
abelian integrals [f[¢(x, y, z)/z"-|dx dy, Zariski ([24], p. 488) 
proved these theorems: 

1. The adjoint surfaces of F do not pass through double points 
of F which are nodes of f. 

2. At each double point of F which is a cusp of f, the adjoint 
surfaces of F have [n/6] consecutive basis points ([7/6] is the 
largest integer contained in the quotient 1/6). 

The second result leads to the following limit ((24], p. 500) 
to the number of cusps of an irreducible curve of order n, 


B= [(n— 1)/6].* 


For a given 1, this limit defines a smaller number of cusps than 
the Pliicker limit in certain cases ([24], p. 501). 


* In reference [25], p. 174, the equality sign is also given in this limit. In 
accordance with the derivation, the equality sign is not admissible. 
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7. The Existence of Curves of Genus p<5. Lefschetz ([13], 
pp. 37-39) investigated the existence of curve systems of low 
genus with only distinct nodes and cusps and proved that all 
maximal cuspidal curve systems of genus p<5 exist with the 
three exceptions (7, 3, 11), (8, 4, 14), (8, 5, 16). 

As stated in §4, all curves having only distinct nodes and 
cusps and of genus pX fp» exist. In determining the existence of 
curve systems of genus pS5, therefore, it is only necessary to 
deal with curve systems for which p)<5. The inequality po<5 
gives n<16. The reciprocals of all such curves of order n=10 
are curves of order m <8 which do not have the maximum num- 
ber of cusps for that order and genus, so that all exist. For n=9, 
however, among the reciprocals there are two additional sys- 
tems, (7,4, 11) and (8,5, 15), which cannot be proved to exist.* 

Zariski ([24], p. 501) has shown that the systems (7, 4, 11) 
and (7, 3, 11) do not exist. This contradicts B. Segre’s Theorem 
3°. The curve system of order 7 with 11 cusps is the curve of 
lowest order satisfying the Pliicker limits that does not exist.7 

In a separate paper [23], Zariski gives a direct proof by plane 
geometry that the system (8, 5, 16) does not exist. He points 
out in a footnote in his paper ([23], p. 309) that B. Segre has 
stated ({16], p. 38, footnote) that the system (8, 5, 16) exists 
as a result of the preceding theorems of that paper. 

A contradiction between Zariski’s limit x <}(m—B)(n —B—3) 
+2, 8=[(n—1)/6], and B. Segre’s Theorem 3° occurs only in 
the case of curves of orders 7 and 8. B. Segre’s existence theorem 
which affirms the existence of regular curve systems (2m, 
n?—3n+1, n?), n2=3, and (2n-+-1, n?—2n+1, n?+n—1), n21, 
coincides with the Pliicker limit for »<8 and gives a much 
smaller limit for »29. The Zariski limit defines a maximum 
number of cusps smaller than the Pliicker limit only for the 
six orders n=7, 8, 13, 14, 19, 25. For all orders except 7 and 8 
(in which cases B. Segre’s existence theorem allows 11 and 16 
cusps, Zariski’s limit 10 and 15 respectively), the existence state- 


* The three exceptional systems given by Lefschetz constitute all of the 
doubtful self dual maximal cuspidal curve systems for <5. Of the two addi- 
tional systems, (7, 4, 11) is of higher genus than (m —2)(m —3)/6 for n=7 and 
(8, 5, 15) is “between” the two doubtful systems of order 8 given by Lefschetz. 

+ The conclusion of Crone [5] that the system (6, 2, 7) does not exist is not 
justifiable. 
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ment of B. Segre defines a smaller number of cusps than the 
Zariski limit. 

In addition to showing that the curve systems (7, 4, 11), 
(7, 3, 11) and (8, 5, 16) do not exist, Zariski’s theorem ([22], 
p. 494) limits the positions of cusps as follows on certain curve 
systems: 

(7, 5, 10), the ten cusps cannot lie on a cubic; 

(8, 9, 12), the twelve cusps cannot lie at the intersections of 
a cubic and a quartic; 

(8, 6, 15), the 15 cusps cannot lie on a quartic; 

(9, 7, 21), the 21 cusps cannot lie on a quintic. 

The first two of these cases are mentioned by Zariski ([24], 
p. 502). The existence of the last two curve systems is in doubt, 
but their existence is permitted by the theorem which restricts 
the positions of their cusps. 

The existence of a curve of order 9 with 18 cusps will now be 
established. 

The Cayleyan of an elliptic cubic is a sextic with 9 cusps 
which has nine contacts with the cubic. Therefore the regular 
systems (6, 1, 9) and (3, 1, 0) contain curves that have 9 con- 
tacts. Applying Segre’s Theorem 2° (see §2), we find that set 
(1, Pi, Ki) = (6, 1, 9), (m2, pe, ke) = (3, 1,0), and h=9. The theorem 
then asserts the existence of the regular curve system (9, 10, 18). 

The reciprocal of (7, 4, 11) is (9, 4, 17), which does not exist 
since (7, 4, 11) does not exist. In the above paragraph, the sys- 
tem (9, 10, 18) has been shown to exist, which implies that all 
curve systems (9, p, x) exist for 210 and «£18. 

This is the first time that the existence has been established 
of a curve with a number of cusps greater than that possessed 
by a curve of the same order that does not exist. This adds a 
new conception to the problem of existence—that distinct 
nodes added to the singularities of an existing curve system with 
only distinct nodes and cusps, within the Pliicker limits, may 
give a system that does not exist. In this case, the system 
(9, 10, 17) exists. Six nodes added to this system give (9, 4, 17) 
whose reciprocal, by Zariski’s theorem, does not exist. 

It is entirely possible, from the following point of view, for the 
system (9, 4, 17) to be non-existent while the system (9, 10, 18) 
exists. Since the system (9, 4, 17) does not exist because 
(and only because, so far as known proofs are concerned) the 
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system (7,4, 11) has too many cusps for its order, then, recipro- 
cally, the system (9, 4, 17) does not exist because it has too many 
statangents for its class. This does not imply that the system 
(9, 4, 17) has too many cusps for its order, but that the com- 
bination of 17 cusps and 7 nodes is too much, in that it defines 
a reciprocal system with too many cusps for its order. 


III. IRREGULAR CURVE SYSTEMS 


8. The Curve System f. The curve system of order 6a 


f = bse + Wea = 0, 
in which $3. =0, Ye. =0 are two entirely general curve systems 
of orders 3a and 2a respectively, has been long known, and it 
has also been known that this system has 6a? cusps at the inter- 
sections of $3. and ~2.. The new property of this system dis- 
covered by B. Segre ([16], p. 34) is its irregularity for a>3. 
The equation of f contains 


3(3a + 1)(3a + 2) + (a + 1)(2a + 1) — 1 = 3(a + 1)(13a + 2) 


non-homogeneous coefficients. The proof of the irregularity of f 
consists in showing that all of these coefficients are independent. 
Segre proves this by showing that the system f is a complete, 
continuous, irreducible system of curves with a complete char- 
acteristic series. 

The independence of the coefficients is also proved alge- 
braically. Of the 6a? intersections of ¢32 and woo, only 
6a? — (2a—1)(2a—2)/2=(a+1)(4a—1) points chosen on doa 
count as independent conditions in the determination of zz. 
Of these (a+1)(4a—1) points, assume that a(2a+3) are chosen 
arbitrarily, thus determining Yo., and that the remaining 
2a?—1 are chosen on Then still contains 3a(3a+3)/2 
—(a+1)(4a—1)=}(a+1)(a+2) arbitrary parameters and 
therefore f contains }(a+1)(a+2)+1 arbitrary parameters. 
The position of a cusp in the plane is determined by two parame- 
ters, on a given curve by one parameter. Of the (a+1)(4a—1) 
given cusps on you, only a(2a+3) positions are independent 
and account for two parameters each, while the remaining 
2a2—1 positions on ~2_. account for one parameter each. Then, 
so far as determining the positions of (a+1)(4a—1) cusps is 
concerned, the number of conditions on f would be 2a(2a+3) 
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+2a?—1=6a?+6a—1. If the positions of these (a+1)(4a—1) 
cusps are considered as not given, there would be restored to the 
system f, on which they were considered as given, 6a?+6a—1 
parameters. It was shown that the system f for which the posi- 
tions of these cusps were given contained }(a+1)(a+2)+1 
parameters. Therefore a curve system f for which no positions 
of the 6a? cusps are given contains 


3(a + 1)(@ + 2) + 1+ 6a? + 6a — 1 = 3(a + 1)(13a + 2) 


independent parameters. 

In the above proof, it was revealed that as to the positions 
of the 6a? cusps of f: a(2a+3) are independent and require two 
parameters each; 2a?—1 are on Ye. and require one parameter 
each; (a—1)(2a—1) are gratuitous, that is, they follow from 
the above. 

The characteristics of f are these: n=6a, m=6a(3a—1), 
p=12a?—9a+1, 6=0, x=6a?, .=12a(Sa—3), r=27a(3a—2) 
-(2a?—1), do=3a(2at+3), d=(a+1)(13a+2)/2, I=d—do 
= (a—1)(a—2)/2. 

As will be seen from the characteristics of f, the reciprocal f’ 
of f has tr =0 which is a condition, when p> po, for the maximum 
number of cusps. The reciprocal f’ is of order 6a(3a—1) and 
genus 12a?—9a+1. For this order, the value of fo is always less 
than the genus of f’ for all values of a. Therefore this curve 
system f has still another new property— its reciprocal is the 
first maximal cuspidal curve system of general order known to 
exist for p> Po. 

Since the system f has no invariants other than cuspidal in- 
variants and since for f we have J = (a—1)(a—2)/2, it follows 
that out of the total of 12a? cuspidal invariants, J are depend- 
ent. This does not mean, necessarily, that some of the cusps of 
f are dependent. Since a cusp is the limiting case of a node, the 
two cuspidal invariants take the place of the nodal invariant. 
Since all nodal invariants have been proved independent, it is 
probable that at least one of the invariants associated with any 
cusp is independent. 

Since in the case of a curve with distinct nodes and cusps, 
dyo=n(n+3)/2—6—2x=m(m+3)/2—7—21, and since the effec- 
tive dimension d of a curve considered as a locus is equal to that 
of the same curve considered as an envelope, J =d—d,y has the 
same value for the given curve considered either as a locus or as 
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an envelope. Nodal invariants are independent, hence, recipro- 
cally, bitangent invariants of a class curve are independent. 
Therefore if a curve, considered as a locus, has a certain number 
I of dependent cuspidal invariants, the same curve considered 
as an envelope has J dependent statangent invariants. 

Therefore the reciprocal of an irregular system of irregularity 
I is an irregular system of irregularity J, and if the original sys- 
tem has K dependent cuspidal invariants, the reciprocal system 
has K dependent cuspidal invariants. 

Hence the reciprocal of f, which has been shown to be a maxi- 
mal cuspidal curve system f’ of genus p> po, has (a—1)(a—2)/2 
dependent cuspidal invariants. 

The system f is irregular because its cusps occur at the inter- 
sections of curves of lower order and not because of an excessive 
number of cusps for the order of f. It is highly probable that 
systems of order 6a with 6a? cusps, unrestricted a priori in posi- 
tion, exist. In the discussion below, this is shown to be true in 
the case a=1. 

Zariski ([24], p. 503) has proved the following theorem: 


If f(x, y) =0 ts an irreducible curve of order n possessing nodes 
and cusps only, a necessary and sufficient condition that the sur- 
face 2"=f(x, y) be irregular is that n be divisible by six and that 
the system | Ccon—18)/6| of the curves of order (Sn—18)/6 passing 
through the cusps of the curve f should be superabundant. If these 
conditions are satisfied, the irregularity of the surface is equal to 
the superabundance of the above system | C n—18)/6| : 


This theorem requires that all surfaces 2"=f(x, y) be regular 
if f(x, y) =0 is an irreducible curve of order m with only distinct 
nodes and cusps whose order 1 is not divisible by six. This is 
much more general than the former theorem which required n 
to be the power of a prime in order for 2" =f(x, y) to be regular. 

The system f(x, y)=¢3a+A¥22=0, under this theorem, is 
the only irreducible system known for which the surface 
2"=f(x, y) is irregular. 

The special case of f for a=1 defines a system of sextics C, 
with six cusps on a conic. This system Cs is of dimension 
d=d,)=15, the same as the dimension of a sextic C¢ with six 
cusps in general position.* Zariski ([21], p. 320) has proved 


* When the positions of the cusps are given, however, the dimensions of 
these two sextic curve systems are not equal. The C, with 6 cusps at given 
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that C, is the branch curve of a general cubic surface and that 
the fundamental groups of the two types of sextics are distinct. 
B. Segre ({17], p. 559) has shown that a C/ exists. The fact 
that C, and C/ belong to distinct systems contradicts a theorem 
by Albanese ([1], part IV). 

The above example gives rise to another discovery in curve 
theory—that a system of irreducible curves with given char- 
acteristics (m, p, x) does not necessarily form one irreducible 
complete system (Zariski [25], p. 175). 

The system f is of the form ¢.2+y,? =0, 2a = 3b. What are the 
properties of the system defined by this equation when 2a ~36? 

In order to study this question, consider the continuous sys- 
tem 


fe = + = 0. 


This system is of order 6a+2 and has 2a(3a+1) cusps at the 
intersections of $324: and Yoo. All of the (13a?+21a+6)/2 co- 
efficients can be proved independent. Also dp) =6a?+17a+5; 
hence d —do = }(a?—13a—4). For a£13, the system f2 is incom- 
plete. For a214, the system fe, if irreducible, is a complete, 
continuous, irregular system. 

The equations f; and f; of systems of orders 6a+3 and 6a+4 
respectively may be written similarly and the systems have 
similar properties. 

The surfaces 2¢+‘'=f;, (i =2, 3, 4), however, are found to be 
irregular for all values of a for which the above curve systems 
would be irregular. Since the orders of these surfaces are not 
multiples of six, by Zariski’s theorem ([24], p. 503), quoted in 
this section, all of these curve systems must be reducible for the 
values of a for which they would be irregular. 


9. The Plane Sections of Tangent Cones. The sections by a 
plane z of the tangent cones to an algebraic surface of order v 
form a complete, irreducible system of curves of order v(v—1) 


points on a conic is an «4 system and the C{ , the positions of whose cusps are 
independently assigned, is an «* system. 

For any a, if the positions of all the 6a? cusps are given, the system f is of 
dimension 1+(a+1)(a+2)/2. If the positions of the 6a? cusps of a curve sys- 
tem of order 6a, a=2, are considered independent of each other, the positions 
of only 3a(2a+3)/2 cusps can be chosen arbitrarily and the positions of the 
remaining 3a(2a—3)/2 cusps follow from these. 


= 
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with x=v(v—1)(v—2) and These are 
branch curves of the surface. The parametric equations of such 
a system may be written (x, y, z)=0, 0¢/dz=0, wherein z 
is the parameter and ¢=0 the equation of the surface. B. Segre 
[13] has proved that, for this system, d—do=(v—2)(v—3) 
(v—4)/6. The system is thus irregular for y25. B. Segre has also 
shown that the nodes and cusps of this system lie at the inter- 
sections of curves of lower order. 


10. An Irregular System of Quartic Curves. In the two pre- 
ceding sections, two well known curve systems have revealed a 
new property, that of irregularity. In this section, another well 
known curve system, the quartics with three biflecnodes, will 
be shown to be irregular. 

A rational trinodal quartic that has biflecnodes at two of the 
nodes must have a biflecnode at the third node. The equation 
of the tri-biflecnodal quartic may be written in the form 


xz? + x7? = xz?. (Hilton [7], p. 285.) 


Making the sides of the coordinate triangle any three lines of 
the plane and writing the equation in integral form, we see that 


q = (bx)*(cx)? + (ax)?(cx)? — (ax)*(bx)? = 0, 


wherein - - - . The equation g contains 
7 independent coefficients, that is, for the system q, the effective 
dimension d is equal to 7. The system gq is continuous and 
complete. 

Each node is associated with one invariant. Distinct statan- 
gents account for no invariants on an order curve, but if both 
nodal tangents coincide respectively with two statangents with 
their points of contact at the node, the singularity is associated 
with three invariants (Hollcroft [11], p. 265). The system g with 
three biflecnodes is therefore of virtual dimension d)=5. 

Therefore d—d,=2 and the system q is irregular. The order 
four is evidently the lowest possible order for a complete, con- 
tinuous, irregular curve system. 

The reciprocal q’ of gq is a rational maximal cuspidal sextic 
with the six cusps on a conic and so associated in three pairs 
that each pair has a common cuspidal tangent. These three 
common tangents form a self conjugate triangle of the conic on 
which lie the six cusps. 


Z 
— 
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The equation of g’ contains the same number of independent 
constants as that of g, that is, d=7. The invariant postulation 
of two cusps with a common tangent is six, two for each cusp 
and two for the coincident cuspidal tangents. This coincidence 
implies that four tangents coincide, but since there are two dis- 
tinct points of contact, the tangent is still a bitangent. The sys- 
tem gq’ has four nodes. For q’, therefore, ds, =27—18—4=5. 
Hence d—dy)=2. 

The most interesting thing about this system q and its recip- 
rocal q’ is that they exhibit cases of irregular systems in which 
cuspidal invariants are not the dependent invariants. A prop- 
erty of the reciprocal of the tri-biflecnodal quartic is stated 
as follows: If a rational maximal cuspidal sextic has two pairs 
of cusps so situated that the cuspidal tangents of both pairs 
coincide, the cuspidal tangents of the third pair must coincide. 
The sextic is considered as having the cusps before these further 
conditions are applied. Thus in the case of q’, the two dependent 
invariants are associated with the coincidence of the third pair 
of cuspidal tangents. In the case of g, the two dependent invari- 
ants are associated with the coincidence, respectively, of two 
statangents with the two nodal tangents at the third node. 

In both cases, the dependent invariants are associated with 
the coincidence of tangents, but not with the coincidence of 
nodal tangents to form a cusp. 


11. Curve Systems with Negative Virtual Dimension. It is un- 
likely that curves exist with only distinct nodes and cusps for 
which do is negative, although this is permitted by Pliicker’s 
equations. However, systems with higher singularities may exist 
for which dy <0. 

The irregular system f is a special case of a general system of 
the form ¢52+Ay2.=0, a>b. This system is of order aba with 
abe? compound b-fold points, each with b coincident tangents. 
The curve system is irregular and may be reducible for certain 
values of a, b, a. Its effective dimension is easily found, but the 
virtual dimension is difficult to obtain in a general case because 
each multiple point contains latent consecutive multiple points. 

If cz=b+41, the b-fold points are simple multiple points with 
b coincident tangents. The system f; is of order ab(b+1) and 
has a?b(b+1) simple multiple points of order b at the inter- 
sections of ¢2,=0 and Wai1)=0. Each b-fold point contains 
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(penultimately) b—1 cusps and (6—1)(b—2)/2 nodes and is 
associated with (b?+3b—6)/2 invariants. Hence 


do = ab(b + 1)(6a — 2ab + 3)/2. 
The coefficients of f, are independent, so that for f, 
d — dy = 3ab[(b + 1)(2ab — 6a — 3) + (ab + a + 3)] 
+ 3(a + 1)(a + 2). 


Setting d)<0 and solving for 6, we see that d)<0 for a=1, 
b=5, and for a=2, b=4. 

The curve system of lowest order of this form for which do 
is negative is of order 30 (a=1, b=5) and has the equation 


= + = 0. 


The system ¥ has 30 simple 5-fold points, each with 5 coincident 
tangents and is of genus 135. Each 5-fold point is associated 
with 17 invariants. For y, therefore, d=48, d)>=495—510= 
—15, and d—d)=48—(—15)=63. 

For a=2, b=4, the curve system is 


B= os + = 


The system yu is of order 40 and has 80 quadruple points, 
each with four coincident tangents. For this system, d=110, 
dy = 860 — 880 = —20 and d—d,)=130. 

It may be that equations of this form do not always repre- 
sent irreducible systems. The above systems y and yp, however, 
satisfy the known necessary conditions for existence, possess 
only distinct, simple multiple points, and have a negative vir- 
tual dimension. 

An interesting question is raised by systems of this kind, 
as to whether the d—d, dependent invariants occur entirely 
among the cuspidal invariants implied in the multiple points 
(of which each b-fold point has b—1), or entirely among the 
combination invariants (of which each simple multiple point of 
order b has b—2), or among both of these sets of invariants. In 
the examples of irregular curve systems given in the preceding 
sections, the dependent invariants have always been associated 
with the coincidence of tangents, and with the coincidence of 
nodal tangents to form a cusp except in the case of the irregular 
system of quartics discussed in the preceding section. 
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WELLs COLLEGE 


JENSEN’S INEQUALITY* 
BY E. J. MCSHANE 


The simplest form of Jensen’s inequality is that if @(x) is a 
convex function, and m is the arithmetic mean of x1, - - - , Xn, 
then the mean of the numbers ¢(x,) is not less than ¢(m). This 
inequality can be generalized in several different ways. The 
function ¢(x) can be replaced by a convex function of several 
variables, and the arithmetic mean can be replaced by any one 
of several other means, as has been shown in various proofs. 
Since the inequality is of considerable utility, it seems worth 
while to have it established in a form which is general enough to 
cover a wide assortment of applications. 

The proofs will rest on two well known properties of convex 
sets.f If K is closed and convex and a point is not in K, then 
p can be separated from K by a hyperplane. If K is closed and 
convex and # is a boundary point of K, there is a hyperplane of 
support of K passing through p. 


1. The Inequality in Geometric and in Analytic Form. It will 
be convenient in the following proofs to use these symbols and 
definitions: 

R, is n-dimensional Euclidean space. Its points will be de- 
noted by (z:,---, Zn) or by z. Linear functions }a,; or R, 
will be symbolized by /(z). 


* Presented to the Society, December 31, 1936. 
7 A set is convex if for every pair P, Q of points of the set the line segment 
PQ is contained in the set. 
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L is a linear class of real valued functions f(x) defined on a 
set E. It shall be supposed have the properties: 


(1a) If fi, fe are in L and ki, ke are real numbers, kif1+ Refs is in 
L. 


(1b) The function defined and constantly equal to 1 on E is 
in L. 


Mf is a linear mean defined on L, with these properties: 

(2a) M1=1. 

(2b) If fi, fe are in L and ki, ke are real numbers, M(kif;+ kof2) 
=k, MfitkeMfe. 

(2c) If f(x) is in L and f(x) 20, then Mf20. 


If f(x) is an n-tuple of functions (fi(x),--- , fx(x)) of L, we 
denote Ly Mf the n-tuple (Mfi, - - - , Mf,). From (2) we obtain 


(3) MI(f) =1(Mf) for every function /(z) linear on R,. 


The geometric formulation of Jensen’s inequality is as fol- 
lows: 


THEOREM 1. Let (1) and (2) be satisfied. Let K be a closed con- 
vex point set in R,. Let f,(x), -- - ,fn(x) be functions of the class L 
such that f=(fi,---,fn) is in K for all x in E. Then Mf is in K. 


Let 1(z)++c=0 be a hyperplane in R, such that K is entirely 
to one side, say /(z)-+c=0 for z in K. Then /(f)+c=0 for all x, 
and 0S M(l(f)+c) = MI(f)+ Mc=I(Mf)+c, so that Mf lies on 
the same side of the hyperplane as K. That is, no hyperplane 
separates Mf from K. This is only possible if Mf is in K. 

The more usual analytical formulation of the inequality is 
covered by the following theorem: 


THEOREM 2. Let (1) and (2) be satisfied. Let K be a closed con- 
vex point set in R,, and let o(z) be continuous and convex* on K. 


Let fi(x),---,fn(x) be functions of the class L such that f(x) 
=(fi(x),---,fn(x)) ts in K for all x in E, and such, moreover, 
that o(f(x)) is in the class L. Then $(Mf) is defined and 

(J) (Mf) < 


* We call ¢ convex on K if $(3(z1+z2) ) $3(6(z1) +¢(z:) ) for all z:, z2 in K. 


= 
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Denote the points , 2n41) of by z'. These can 
also be denoted by (z, 2n4:), where z is in R,. Define K, to 
be the set in R,41 of points (z, 2,4;) such that z is in K and 
Zn412(z). It is clear that K, is closed and convex, and for all 
x in E the point (f(x), ¢(f(x)) is in K,. Hence by Theorem 1, 
the point (Mf, M@(f)) is in K,; that is, Mf is in K and 
M¢(f)2¢(Mf). 

Obviously we could weaken our hypotheses somewhat by 
omitting the requirement that ¢ be continuous and assuming 
instead that the set K, is closed and convex. This would permit 
¢(z) to have infinite discontinuities on the boundary of K. 

EXAMPLES: (1) Let a(x1,---, Xm) be a positively mono- 
tonic* function of the variables (x1; - - - , xm), and let E be a set 
measurable with respect to a and such that 0<m,E<o.Let L 
be the class of all functions f(x) which are Lebesgue-Stieltjes 
integrable with respect toa over E. Let Mf=/,fda/f,da. Then 
conditions (1) and (2) are satisfied. The conclusion of Theorem 2 
assumes the form 


6( fide / f aa) 
< faa. 


In the next three examples requirements of convergence or 
integrability are too obvious to need statement: 

(2) The range of xis (1,---,m)or (1,2,---),sothatf(x)isa 
(finite or infinite) sequence (a), d2,--- ), and Mf=)>>ca./>.a, 
where c;>0 and , 

(3) The functions f of L are continuous, and Mf=/f ,dx/f,dx. 

(4) The functions f of L are Lebesgue measturable over the 
measurable set E, and Mf=/fpdx/f{pdx, where p(x)=0 and 

-0<fpdx<o. 

(5) £ is in the interval (0,1), Z is the class of all bounded 
functions on E, Mf is the Banach integralt of f over (0, 1). 

(6) E is the set of all real numbers, Z the class of all uni- 
formly almost periodic functions, Mf is the mean value of f. 


* That is, a function whose mth difference is non-negative. 
{ Banach, Théorie des Opérations Linéaires, p. 31. 
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(7) More generally, E is any group, L is the class of all func- 
tions almost periodic on E, Mf is von Neumann’s* mean value 
of f. 

(8) In the space (x1, x2,--- ) of infinitely many dimensions, 
(O<x;1), E is a set of finite positive measure,f{ L is the class 
of functions summable over E, Mf =, fdx/mE. 


2. Conditions for Strict Inequality. In §1 we have not men- 
tioned conditions for strict inequality. To investigate this ques- 
tion it is convenient to define negligible sets. A set SCE is 
negligible (with respect to L and M) if there exists a function f 
in the class L such that 


(a) f(x) 20 on E, (b) f(x) > 0 on S, (c) Mf = 0. 


It follows readily that every subset of a negligible set is negligi- 
ble, and so is every set which is the sum of a finite number of 
negligible sets. It is then easy to prove the following theorem: 


THEOREM 3. In Theorem 1, Mf is a boundary point of K only 
af all points f(x) except those corresponding to a negligible set of x 
belong to the intersection of K with one of its hyperplanes of sup- 
port. 


If Mf is a boundary point of K, through it there passes a 
hyperplane of support 7: /(z)+c=0 of K; say I(z)+c20 for z 
in K. Let S be the set of x such that f(x) is not in the intersec- 
tion then I(f(x))+c>0 on S. Since I(f(x))+c20 for all x 
and M (l(f(x))-+c) =1(Mf)+c=0, we see that S is negligible. 

I omit the easy proof of the following theorem: 


THEOREM 4. If the set K is strictly convex, and @ is strictly 
convex on K, then in Theorem 2 equality holds only tf f (x) = Mf; 
=const. (¢=1,--- , ) except on a negligible set. 


I am unable to state whether the conditions f;= Mf; except 
on a negligible set are sufficient as well as necessary for equality 
in Theorem 4. However, by adding a further postulate concern- 


* J. von Neumann, Almost periodic functions in a group, Transactions of 
this Society, vol. 36 (1934); in particular, p. 452. 

+ P. J. Daniell, Integrals in an infinite number of dimensions, Annals of 
Mathematics, (2), vol. 20 (1919), p. 281. 

B. Jessen, The theory of integration in a space of an infinite number of dimen- 
sions, Acta Mathematica, vol. 63 (1934), p. 249. 
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ing L and M we can establish this, even when K is not strictly 
convex. We henceforth restrict our attention to systems L, M 
such that the following condition holds: 

(4) If S is any negligible subset of EZ, and f(x) is any (real) 
function which vanishes on E—S, then f(x) is in the class L 
and Mf=0. 

In example (1) negligible sets are sets of measure m,S=0; 
hence condition (4) is satisfied. In example (2), a set S of in- 
tegers is negligible if }> .sc;=0; in (4), S is negligible if p(x) =0 
on almost all of S. In (8), S is negligible if mS=0. In (3), (6), 
and (7), only the empty set is negligible. For all of these (4) 
is valid. I do not know whether example (5) satisfies (4). 

An immediate consequence of conditions (1), (2), and (4) is 
that if f(x) is any function of class L, and g(x) =f(x) except on a 
negligible set, then g(x) is in L and Mf= Mg. 


THEOREM 5. If condition (4) is satisfied, then in inequality 
(J) equality holds tf and only if the following condition holds: 
For all x except at most those belonging to a negligible set S, the 
point (fi(x),---,fn(x)) belongs to a convex subset K’ of K on 
which o(z) is linear. In particular, if (z) is strictly convex* equal- 
ity holds if and only if f(x) =const. except on a negligible set. 


The last statement is an immediate consequence of the first, 
for if @ is strictly convex the only subsets K’ on which ¢ is 
linear consist of single points. Suppose then that the condition 
of Theorem 5 holds; by redefining f;(x) on S, it will be true that f 
is in K’ for all x, without change in Mf or M(@(f)). On K’ we 
have $(z) =l(z)+c; hence Mo(f) = M(l(f)+c) =1(Mf)+c. But 
since K’ is convex, by Theorem 1 the point Mf is in K’, and so 
(Mf) =1(Mf)+c. Hence equality holds in the inequality (J). 

To prove the necessity of our condition we first observe that 
there may be linear relations /(f(x))-++c=0 holding for all x ex- 
cept those of a negligible set. We choose a maximal set of such 
linear relations; there is no loss of generality in assuming that 
these are of the form f.41(x)= --- =f,(x)=0 except on Si, 
where 5S, is negligible. Then Mf,41= --- =Mf,=0. 

We now change notation. Let R, be the space of points 
(21,---, 2%); let H be the set of (2,---,2,) such that 
(21,° ,%,0,---,0) isin K; let , 2.) , Ze; 


* We assume only that K is convex, not that it is strictly convex. 
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0,---, 0) on H; in the space R,4; of points (21, --- , 2s, 2n41) 
let H, be the set for which (z,---,2,) is in H and 
2). For x in E—S, we have (fi(x),--- , f.(x)) 
in H and (fi,---,fs,W(fi,---,fs)) in Ah. If equality holds in 
(J), then 


= ¢(Mfi, - , Mf., 0, - - , 0) 


so the point (Mf,,---, Mf., My(fi,---, f.)) is a boundary 
point of in 

By Theorem 3, for all points x of E—S, except a negligible 
set the point (fi(x),---, f(x), W(fi,---, f.)) belongs 
to the intersection of H, with a hyperplane of support 7: 
--- That is, except on the 
equation a+),fi+ --- +b.f.+cW(fi,---, f.)=0 holds. Here 
c~0; otherwise we would have a new linear relation between the 
f« independent of the maximal set --- =f,=0. We 
may therefore suppose that c=1; hence 7 has the equation 
a+)°b2:+2,41:=0. The left member of this equation is positive 
for some points (2), -- - , Zs, 2n41) Of Hy, since 2,4; is arbitrarily 
large. But is a hyperplane of support, so at)> 
does not change sign on therefore on Hy. 
For (2:,---, 2.) in H the point (2:,---, 2, is 
in H;, so that a+) ---, 2) 20 on H. Moreover, if 
Zn4i>W(21, Zs), Hence the points of 
H, which lie in are those of the form (21, - - - , <s, - - , 
with (z;,---,2%,) in H and at) --+, g,)=0. The 
points satisfying these conditions form the intersection 7H, 
which, being the intersection of convex sets, must be convex, as 
is also its projection H’ on the space R,. For all x in E—(S,+S2) 
the point (fi(x),---, f.(x), W(fi,---,f.)) is in ty, so that 
(fi(x),---,fe(x)) is in H’. If we define K’ to be the set of all 


points with (%,---,2,)in H’, then K’ is 
convex, and for all x in E—(S,+S,) the point (f,(x), --- ,fs(x), 
0,---, 0) isin K’. If (%1,---,2,) isin K’ then (%,---, 2,) 


isin H’, and 
(21, °° » Zn) = (21, ° » , 0) 
= = —a— ba. 
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This establishes the theorem. 


3. Extension to Banach Spaces. It is possible to extend Theo- 
rems 1, 2, 3, and 4 to functions f(x) assuming values in a Banach 
space B. Suppose that (1) and (2) are satisfied, and that L isa 
class of functions f(x) defined on E and assuming values in B. 
We shall assume that for every linear function /(z) on B and 
every f(x) in L the function /(f(x)) is in L. Further, we shall 
assume that there is a linear mean M defined on L such that 
for every linear function /(z) on B and every f in L we have 


= M(i(f)). 


We then find that Theorems 1, 2, 3, and 4 extend with only 
one change. The only properties of convex sets which we used 
were these: through each boundary point of a convex set there 
passes a hyperplane of support, and each point which does not 
belong to a convex set can be separated from it by a hyperplane. 
These properties have been established for convex bodies* 
(closed convex sets having interior points). Hence our theorems 
extend at once, provided that we replace the words “convex set” 
by “convex body.” 


UNIVERSITY OF VIRGINIA 


* Cf. Banach, Théorie des Opérations Linéaires, p. 246. 
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BILINEAR FUNCTIONALS ON THE SPACE OF 
BOUNDED, MEASURABLE FUNCTIONS 


BY H. H. GOLDSTINE 


1. Introduction. We propose to make an extension of the 
Radon integral to two variables, and by properly defining the 
notion of limited variation to show that every continuous bi- 
linear functional on the class of bounded, measurable functions 
(with suitably defined norm) is expressible in terms of this 
integral. Conversely we show that the integral is bilinear and 
continuous. The paper is concluded with a theorem establishing 
a relation between the double and iterated integrals. Similar re- 
sults for the case of continuous linear functionals have recently 
been obtained.* 

2. Preliminary Definitions. Let S be the class of all measur- 
able subsets of the interval § = [(0<x <1], and let ¢ be a func- 
tion on SS to A, the set of all real numbers. Such a function 
will be termed bi-additive in case, for every two disjoint sets 
01, 2, we have $(¢, o1+02) =(¢, 01) +(e, o2) and 
= (01, ¢) + a); the function will be said to be of limited 
variation in case the upper bound of 


for all divisions o;,, , (R=1, 2), of into disjoint sets 
and all numbers e;; such that | €xs| =1, (k=1, 2;2=1,2,---, 
m,), is finite;= we shall designate this bound, when it is finite, 
by T¢. 

Let 1, ue be any two functions in 9, the class of bounded, 
measurable functions, such that dioSpi(x)<Dz, (R=1, 2; 
0<x<1). Then following the usual procedure in the Lebesgue 


* See, T. H. Hildebrandt, On bounded linear functional operations, Trans- 
actions of this Society, vol. 36 (1934), p. 868; or G. Fichtenholz and L. Kan- 
torovitch, Sur les opérations dans l’espace des fonctions bornées, Studia Mathe- 
matica, vol. 5 (1934), p. 69. 

¢ This definition is a generalization to set functions of Fréchet’s definition 
for functions of real variables; see, M. Fréchet, Sur les fonctionelles bilinéaires, 
Transactions of this Society, vol. 16 (1915), p. 215. 
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theory, we divide (dio, D;) into sub-intervals by numbers 
din<dii< --- <dim,=Di, (R=1, 2); this process gives rise 
to a partition mw of the rectangle determined by dio and D,. 
Throughout this paper we shall use the term partition in this 
restricted sense. To simplify further the notation let o;; be the 
set of all x such that d;;Spiz(x) <dii41. Finally if the limit, as 
the norm of z approaches zero, of 


exists, where d;;S £;Sdii41, it will be designated by 
1 1 
(3) ff a9). 
0 0 


3. The Existence of ihe Integral. We proceed to a statement of 
a sufficient condition for the existence of the integral. 


THEOREM 1. [f the set function $ on SS to H is of limited varia- 
tion and bi-additive, the double integral (3) exists for every pair 1, 
be of functions in IM. 


The proof of this theorem follows the usual lines of demon- 
stration for the existence of a Lebesgue integral of a bounded 
function. 

We shall associate with the class Nt two norms |] ||, and || ||» 
which will thus give rise to two normed linear spaces M,. 
= (M, | (k=1, 2). These norms are defined as follows :* 


lal. = |, 

and 
1 
= true max| u(é)| = lim Lf | u(t) rat | 


4. The Representation Theorem. It should be noted that if a 
functional K is bilinear and continuous on Qt-te, it also has 
these properties as on DiMes. 

THEOREM 2. If K on MMe to A is bilinear and continuous, 


then there exists a function 6 on S©S to A which is bi-additive and 
of limited variation such that 


* See Fichtenholz and Kantorovitch, loc. cit., p. 69. 


= 
— 


530 H. H. GOLDSTINE [August, 


0 0 


for every p11, 2 in Wi; moreover the modulus of K is the total varia- 
tion To of . If K is bilinear and continuous on Tt2Me, then > 
has the additional property that the measure of o; or ¢2=0 implies 
that o(o1, =(. 


Indicating, as before, the characteristic function of a set o 
by u., we define $(01, 02) to be K (u.,,us,). The first property fol- 
lows immediately from the bilinearity of K; the second results 
from the continuity of K as follows: 


i 
‘ 1 i 


furthermore, if K is continuous on then | o2)| 
=|K(ue,, He,)| if mo1=0 or mo2=0. It 
follows from inequality (5) that 7¢< M(K) and by the usual 
argument that the equality holds. 

Let 41, ue be any two bounded, measurable functions. Denot- 
ing by #1» and pe, the sums 


25) €2; 
< M(K) 


< M(K); 


m—1 n—1 


j=0 


where d;; and o;; have the same significance as before, we see 
that 


K(u1m,; Hen) = di 23); 
6,3 


the result then follows by the continuity of K. 

It is of some interest to note that when ¢ has the properties 
enumerated above, the functional defined by equation (4) is 
linear and continuous. 


5. The Iterated Integrals. To establish the existence of the 
iterated integrals it will be shown that the Radon integral 


(6) f 3) 
0 
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exists, is additive, and is of limited variation. To do this let a, 
be the complement of ¢ and ai, --- , o, be any division of $ 
into disjoint sets. Then, if ¢ is of limited variation, we have 


jul 


hence taking €; to be the sign of ¢(c, a;), e to be 1, and e, the 
sign of >. we have 


i=1 

’ This establishes the existence of ®(c), for every o. The additiv- 
ity of ® is obvious. Hence we have the following theorem: 


THEOREM 3. If ¢ on SS to UM is bi-additive and of limited 
variation, then the iterated integrals 


f ato f a9) and 
(7) 
f ust) 43) 
0 0 


exist and equal the double integral. 
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H. E. VAUGHAN 


ON LOCALLY COMPACT METRISABLE SPACES 
BY H. E. VAUGHAN* 


The object of this paper is to present two characterizations, 
one of the class of locally compact metrisable spaces, the other 
of the class of locally compact, separable, metrisable spaces 
(locally compact, perfectly separable Hausdorff spaces), as fol- 
lows. 


THEOREM 1. In order that a metrisable space be locally com- 
pact it is necessary and sufficient that it be the difference of two 
closed sets in every metric space in which it is topologically im- 
bedded.{ 


THEOREM 2. In order that a Hausdorff space be homeomor phic 
to a totally complete metric space it is necessary and sufficient that 
it be locally compact and perfectly separable. 


In Theorem 1 the word metric may be replaced, on the one 
hand, by regular, on the other, by complete metric. This theo- 
rem is of interest chiefly because of the similar well known 
characterizations of the class of all compact metrisable spaces 
and of the class of all metrisable spaces which are homeomorphic 
to complete metric spaces.§ The method of proof also relates it 
to the two characterizations of the class of compact metrisable 


* Alfred H. Lloyd Fellow, University of Michigan. 

t A distinction is made between the adjectives metric and metrisable. The 
word metric implies the definite choice of a metric in a metrisable space. The 
phrase A is topologically imbedded in B means that A is homeomorphic to a 
subset of B. 

t A totally complete metric space is a metrisable space in which the metric 
is so chosen that every bounded set is compact. See K. Menger, Uber die 
Dimension von Punktmengen, Monatshefte fiir Mathematik und Physik, vol. 34 
(1926), pp. 135-161; in particular, p. 144. 

§ The first of these theorems is obtained by replacing, in Theorem 1, 
“locally compact” by “compact” and “the difference of two closed sets” by 
“closed.” The second is obtained by replacing “locally compact” by “homeo- 
morphic to a complete metric space” and “the difference of two closed sets” 
by “the intersection of a sequence of open sets.” A proof of the first may be 
given along the lines of the proof of the first lemma, stated below. For a proof 
of the second, see C. Kuratowski, Topologie I, p. 215. 
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spaces, as those which are bounded (complete) in every metric.* 
Theorem 2 is also related to the second theorem mentioned in 
the footnote above. Its chief interest, however, seems to lie in 
the fact that the class of spaces characterized was used to a con- 
siderable extent by K. Menger{ and W. Sierpinskif but appar- 
ently has not before been characterized in non-metric terms. 

Theorem 1 is an almost immediate consequence of the follow- 
ing two lemmas. 


LemMA 1. A metrisable space which is locally closed at each of 
its points§ in every complete metric space in which it is topologi- 
cally imbedded is locally compact. 


ProoF. Let M be a metrisable space which is not locally com- 
pact. Supposing that a metric has been chosen, there exists a 
point a of M such that|j S(a, 1/n) is not compact for any posi- 
tive integer n. Consequently, there exists a denumerable family 
((@ni)) of sequences of points of M such that, for every i, a,; be- 
longs to S(a, 1/n) and the set A+) a ini is a closed subset of M. 
Hence,{ a metric may be chosen for M such that the set 
a+ ni@ni is isometric to the linear set (0) + >> 
where (x) denotes the point whose abscissa is x. Now** M may 
be imbedded isometrically in a complete metric space M and, 
since each of the sequences (a,;) now satisfies the Cauchy con- 
vergence criterion and all but a finite number of the sequences 
are contained in any neighborhood of the point a, M is not 
locally closed at the point a in M7. 


Lemma 2. A locally compact metrisable space is locally closed 
at each of its points in every Hausdorff space in which it is topologi- 
cally imbedded. 


* See F. Hausdorff, Erweiterung einer Homiéomorphie, Fundamenta Mathe- 
maticae, vol. 16 (1930), pp. 352-360; in particular, p. 359. 

t Loc. cit. 

t See W. Sierpinski, General Topology, p. 118 et seq. 

§ A subset M of a neighborhood space R is said to be locally closed at the 
point p if there exists a neighborhood of p whose intersection with M is a 
closed set. See Kuratowski, loc. cit., p. 65. 

|| If a is a point of a metric space M and d isa positive real number, S(a, d) 
denotes the set of all points of M whose distance from a is less than d and 
S(a, d) denotes this set plus its limit points. 

¥ See F. Hausdorff, loc. cit. 

** See Kuratowski, loc. cit., p. 200. 
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Proor. Each point of a locally compact metrisable space has 
a neighborhood which is a compact metrisable space. Such a 
neighborhood is closed in every Hausdorff space in which it is 
topologically imbedded. 


PROOF OF THEOREM 1. This results from the preceding lem- 
mas and the fact that a subset of a regular space which is locally 
closed at each of its points is the difference of two closed sets, 
and conversely.* 


PROOF OF THEOREM 2. NEcEssiITy. Let M be a totally com- 
plete metric space. Since every point of M has a bounded 
neighborhood, M is certainly locally compact, while, since 
M=)-;M,, where M, is the bounded set of points of M 
whose distance from some fixed point ado of M is at most n, 
M is the sum of a denumerable family of compact metric spaces 
and hence is perfectly separable. 

SUFFICIENCY. Let M be a locally compact, perfectly separa- 
ble, Hausdorff space. Thenf there exists a perfectly separable 
compact, Hausdorff space M and a point a» of WZ such that 
M=M-—(as). Since M is a separable metric space it may be 
considered as.a subset of the Hilbert parallelotopef and its di- 
ameter may be assumed to be at most equal to 1. Let the co- 
ordinates of an arbitrary point x of M be denoted by (x;). Then 
it may be assumed that x, =0, (0S; 51/1, 141). The sequence 
(fi (x)), where fi (x) =1—d(x, ao) and f} (x) =x;, (¢¥1), is evi- 
dently a (1-1) continuous mapping of WZ on a subset of the 
Hilbert parallelotope and, since M is compact, is a homeomor- 
phism. The sequence (f;(x)), where 


fi (x) 
1 — fi (x) 


is clearly also a homeomorphism of M-—(ao) on a subset of Hil- 


fi(x) = f(x) = fix), #1), 


* See Kuratowski, loc. cit., p. 65. 
+See P. Alexandroff, Uber die Metrisation der im kleinen kompakten 
topologischen Réume, Mathematische Annalen, vol. 92 (1924), pp. 294-301. 
t In this connection, by Hilbert space is meant the metric space whose ele- 
ments are the infinite sequences, (x;), of real numbers such that > xe8< 0, 
The distance, d(x, y), between the points (x;) and (;) is given by the formula 
d(x, y)= os (ei—ys)2)"?. The Hilbert parallelotope is the set of points of Hil- 
bert space such that, for every 7, OSx;51/i. 
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bert space. The function d’(x, y) =d(f(x), f(y)), where x and y 
are arbitrary points of M, may evidently be taken as a metric 
for M and satisfies the theorem, for a subset of M which is non- 
compact contains points x such that f(x) is arbitrarily large. 


CoROLLaRY. Any locally compact metrisable space is homeo- 
morphic to a metric space in which every bounded, connected, set 
4s compact. 


ProoF. Let M be a locally compact metrisable space. Then 
M is a sum of disjoint open sets each of which is a locally com- 
pact, separable, metrisable space.* By Theorem 2, each of these 
is homeomorphic to a totally complete metric space. The latter 
may be combined in the following manner to form a metric 
space of the sort described in the corollary. In each of the above 
mentioned spaces choose some definite point and call it the 
origin of the space. Let Mi, M2, and M; denote any three of 
the above spaces, let d;, d2, and d; denote the respective metrics, 
and let 01, 02, and 0; denote the respective origins. If x and y 
are points of the same space, say M,, define d(x, y) as di(x, y). 
If x and y belong to different spaces, say M, and Mz, respec- 
tively, define d(x, y) as di(x, 0:)+d2(y, 02)+1. The function 
d(x, y) so defined is easily seen to be a metric which defines a 
space homeomorphic to M in which every bounded connected 
set is compact. 


UNIVERSITY OF MICHIGAN 


* See P. Alexandroff, loc. cit. 
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ON SOME GAP THEOREMS FOR EULER’S METHOD 
OF SUMMATION OF SERIES 


BY YOSHITOMO OKADA 
Hardy and Littlewood* have proved the following theorem: 


For a given series let be a fixed constant 
such that 
Nk 
>i. (k =1,2,---). 
Ny 
If this series be summable by Abel’s method of summation to the 
sum S, then this series is convergent and its sum ts s. 


Obreschkofft obtained also a similar result for Cesaro’s 
method. We shall now study these results for Euler’s method. 

We shall begin with the following theorem: 

THeEoreEM 1.} be a given series summable by Euler's 
method, that is, tf so=0, Sn=Gotait +@n-1, (n21), 
n(n — 1) 


(1) lim 


n— 


as 


exists; and for two given increasing sequences {nx}, {ni}, 
(n,.<n;), of integers and for a given number a, (1Sa<2), let 


a,=0, form<v<ni, (k=1,2,---), 
a, = O(a"). 
If nf /ne=(14+7)/(1—n), (k=1, +), for a positive number 
n such that 
(1 + log (1 + 1) + (1 — log (1 — 9) — 2loga >0, 
then 


Nk 
(3) lm 


ke 


(2) 


* Hardy and Littlewood, Proceedings of the London Mathematical Society, 
(2), vol. 25 (1926). 

+ Obreschkoff, Téhoku Mathematical Journal, vol. 32 (1930). 

t If, in this theorem, (1) holds uniformly and O of (2) is independent of z 
when each a, is a function of z, then (3) also holds uniformly. 


= 
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ProoF. To prove this, we can consider that all 2? —n,—1 are 
even. Then putting 


— — 1 


we have 
= On-2 = = = 0, 
Om = = = = 0. 
Hence, if we put 
1 n(n — 1) 
=— So + nsy + —— 824+ 
2” 2! 
then we have 


1 2m(2m — 1) 


1 
(ao + + — 2m(ar + --- + an,) 
2m(2m —. 1) 
— — 
2! 
2m(2m 1) Om m +1) 
One 
m(2m — 1) (2m — ni) 
(ng + 1)! 


+ (dn, + + 


Since from (2) we can find a positive constant M such that 
< Meee, (n=0,1,2,---), we get 


e2mloga 2m(2m —1)---(2m—n, +1 
| Som — Sm| < 2M (me + 1)? 
Q2m n,! 
e2mloga 2mT (2m) 


<4M - 
T(m + (m — d) 
where \=m—7n. 


= 
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Let us now put 


e2mloga 2mT'(2m) 
22™ T(m — r»)T(m +d) 
or 


P(m(1 — 8))F(m(1 + 8) 

where <1). Then 

log f(m) = 2m log a — 2m log 2 + log (2m) 

+ (2m — 3) log (2m) — 2m + O(1) 

— {m(1 — 8) — }} log ((1 — 6)m) + (1 — 6)m + O(1) 
— {m(1 +8) — 3} log ((1 + 8)m) + (1 + + O(1) 
— mo(5) + 4 log m + O(1), 


where 


For a fixed number 7, (1>020), such that ¢(yo) =0, any 
number 7 such that 1>17> 0 gives ¢(n) >0. When 7 is so fixed, 
it follows from (1) that 


(1 + 6) log (1 + 6) + (1 — 4) log (1 — 6) — 2 loga. 


lim = lim som = s for 1>6>%. 
On the other hand, from n/ /n,=(1+7)/(1—7) we have 


ne —n +1 


———_ > 4. 
nm +m+i 


Consequently 1>6>7 since 
= (ng — a. 1)/(nZ Nk 1). 
Therefore 


lim s,, = lim sn = S. 


m— 2 


Thus our theorem is completely proved. 
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REMARK. From Theorem I and Knopp’s* theorem follows 
immediately Ostrowski’s theorem :T 


Let f(z) =) ae be a power series whose radius of conver- 
gence ts 1. If 


a,=0 for m<v<n, 
and 


ny 


>1+4+8, (k =1,2,---), 


Nk 


6 being a positive constant, then the partial sums Sy. of this series 
converge uniformly in a full neighbourhood of every regular point 
of the function of (z) on the unit circle. 


THEOREM 2. Let >a, be a given series summable by Euler's 
method to the sum s, and for two given increasing sequences {nx} : 
{ni R (n,<nz ), of positive integers and for p= —1 let 


a,=0 for m<v<ni, (k=1,2,---), 
a, = O(n?). 


ng 3 1/2 log nN, 1/2 
Ny 2 Ny 


holds for any given number c greater than 2, and for all sufficiently 
great integers k, then we have 


If 


IV 


lm a, =s. 


v=0 


Proor. From the assumption we can take c’ and g such that 


(c’ > 2,q > 0). 


Ny k 


Therefore 


* Knopp, Mathematische Zeitschrift, vol. 15 (1922). 
{ Zygmund (Journal of the London Mathematical Society, vol. 6 (1931)) 
proved Ostrowski’s theorem similarly for the Borel method of summation. 


YOSHITOMO OKADA 
ne + ny, 2 ny 
3 /log 
GS) +) 
2 Ny 
/log 
2 Ny 


for all sufficiently great integers k. Hence from 


[August, 


ni +1 ne — 


> 
ne ni +n 


4 1 


we get 


62 


IV 


Consequently, from 
(1 + 6) log (1 + 6) + (1 — 4) log (1 — 4) > 8?, 
we have 


log 


(1 + 8) log (1 + 8) + (1 log (1 8) > (5 +p+0) 


whence as in the proof of Theorem I we obtain 
(2m) ” T'(2m) 
22" T(m(1 — 6))T(m(1 + 8)) 


3 log m 
< M’ exp E {(= +») — (1+ 4) log (1 +4) 
m 


| Soe — sm| < Mm 


— (1 — 6) log (1 — +00) | 
—0, (m—> ~), 
M, M’ being constants. Therefore 
lim s,, = lim sm = S. 
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NOTE ON THE CONTINUITY OF THE 
ERGODIC FUNCTION 


BY M. H. MARTIN 


1. Introduction. Let M denote a bounded point set and ¢€ an 
arbitrarily chosen positive number. A continuous curve C is 
termed ¢-ergodic to M if an arbitrary point of M lies at a dis- 
tance <¢ from some point of C. Recently* I have shown that 
the set of continuous, rectifiable curves ¢-ergodic to M contains 
a member whose length furnishes an absolute minimum for the 
lengths of the curves in the set. This member was called an 
ergodic curve of M and its length the ergodic function A(e) of M. 
The function A (e) is finite and non-negative, being equal to zero 
if and only if €=p, where p is the radius of the smallest circular 
region containing M. In addition A(€) was proved to be a mono- 
tone non-increasing function of € which is always continuous on 
the right. 

In this note it is shown that A(e) is also continuous on the 
left (and is therefore continuous in the ordinary sense). In the 
original version of this paper I was able to prove this result 
only for a value €9(<p) of € for which the set M had an ergodic 
curve which was an “ordinary curve” (a continuous curve which 
is either of class C’ or else made up of a finite number of arcs of 
class C’). The general result announced above is made possible 
by Lemma 2 below for which I am indebted to Professor von 
Neumann. 


2. Preliminary Lemmas. In this section we shall assemble a 
number of lemmas leading to the proof of the result announced 
in the introduction. 


LemMA 1. The set M, of points lying at a distance Se from the 
points of a continuous rectifiable arc of length 2s joining two points 
A and B situated a distance 2c(c<s) apart lies in a region com- 
posed of the points interior to two circles described about A and B 
as centers with radii equal to e+ wherea® =1—c/s. 


* Ergodic curves, American Journal of Mathematics, vol. 58 (1936), pp. 727- 
734. 
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For the proof of this lemma we first observe that a point on 
the rectifiable arc either lies in the interior of an ellipse E having 
A and B as foci and a major axis of length 2s, or lies on E it- 
self. The proof of this fact is elementary and is omitted. 

The set E, of points lying at a distance <e from either the 
points of E or the points interior to E therefore contains the 
set M,. 

The boundary of £, is a closed analytic curve forming part 
of the envelope of the family of circles of radius € with centers 
on E. 

E, is divided into two halves by the minor axis of E produced. 
Let us consider that half which contains the focus A. An ele- 
mentary calculation shows that an absolute maximum R of the 
distances of the points of this half of E, from A is furnished by 
the two points in which the minor axis of E produced intersects 
the boundary of E,. Upon computing this distance, we find 


R = [e + 2e(s? — + 52] "2, 


Since cXs and s—c=a?’s, it follows that 
RS + + << e+ =)s. 
€ 


A circle of radius e+ (21/*a+5s/(2€))s described about A as a 
center accordingly contains in its interior the half of E, con- 
taining A.A similar circle described about B as a center will 
contain the remaining half of Z, in its interior. The two circles 
taken together will then contain the whole of E, and will there- 
fore a fortiori contain the set M, in their interiors. 


LEMMA 2. Let 
C: += y= ¥(s), tL, (s = arc length), 


be an open continuous rectifiable curve of length L. Let C be divided 
into n arcs of lengths s&™, s&™,---, 55" subtending chords of 
lengths c™, c&,---, c<™ respectively. Define the n quantities 
a™, ak,---, by the equations 


ai = [1- | (i= 1,2,---,m), 


and then the n+1 quantities ao , 


, ax” by the relations 


= 
— 
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a = a = + for +=1,2,---,n—-1, 
(n) (n) 
Ge 
If = --- =L/n, the arithmetic mean 
1 < 
n+1 
of ---, tends to zero as n tends to infinity. 
We have 
2 


n n 
Ya <— Ya, 


n+ 1 N 


a, = 


and therefore, upon substituting the values of af” given above 
and applying Schwarz’s inequality. 


2 n c™ 1/2 
a. <—[nd(1- )| 
n i=1 si) 
whereupon, since sf”) =L/n, it follows that 


n 
c™ 


L 


Now C is rectifiable of length L. Therefore lim » 0 =L, 


1/2 


and consequently lim a, =0. 


no 


Lemna 3. Let 
C: <=2(s), y=y7s), 


be a continuous rectifiable curve of length L. Denote by C, the set 
of points lying at a distance <e from the points of C. There exists 
@ sequence {C,} of continuous rectifiable curves for which, if L, 
denotes the length of C,, the following hold: 

(a) lim L,=L, 

(b) C, ts €,-ergodic to C, with €,<€ and lim €,=e. 

In proving this lemma it is convenient to take C to be an 
open curve, the proof permitting an immediate adaptation to 
the case where C is closed. Divide C up into m equal arcs each 
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of length L/n by inserting »+1 points on C. These +1 points 


we shall denote by 0, 1, 2,---, , where 0 and m denote the 
endpoints of C. 
About a point 7, («=0, 1, 2, - - - , 2), of the subdivision we de- 


scribe two circles, one,T’;,of radius e+ (2a) +L/(4ne))L/(2n), 
the other, y;, of radius (2”?a‘{~ +L/(4ne))L/n, where in each 
case a{") denotes the quantity defined in Lemma 2. 

The totality of points interior to the circles ['; constitutes 
a point set which we designate by M,. On placing s=L/(2n) 
in Lemma 1, we ascertain that C,c M,. 

A point making a complete circuit of a circle y; comes within 
a distance < (2"/*a{ +L/(4ne))L/n of the points enclosed by 
and within a distance +L/(4me))L/(2n) of 
those points outside y; but inside [;. For sufficiently great 
values of m the latter of the two distances is the greater. 
Consequently, for sufficiently great values of m, a point 
making a complete circuit of y; comes within a distance 
+L/(4ne))L/(2n) Se—L?/(8n7e) of every point 
interior to T;. 

Now consider a point P which traverses C from one endpoint 
to the other and which makes complete circuits of all the circles 
+; during the process. More precisely, P moves as follows: start- 
ing at the endpoint 0 of C, the point P moves along C in the 
direction of increasing arc length until it meets the circle yo 
with center 0 for the first time; P then makes a complete cir- 
cuit of yo; after returning to the curve C, the point P continues 
along C in the direction of increasing arc length until it meets 
the circle y; with center 1 for the first time; P then makes a 
complete circuit of 1; - - - . At the completion of this process P 
coincides with and will have traced out a continuous rectifia- 
ble curve C, of length L,, where 


EVE 
L,=L+ 20 (2a + —)=. 


4ne/ n 


On replacing Doe by its value (n+1)a, (introduced in 
Lemma 2) and carrying out the remainder of the summation, 
we find 


n+1 
nN Ane 
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In addition the curve C, is €,-ergodic to M,, where 
L? 


The proof of the lemma is now completed by observing that, 
since C,c M,, the curve C, is €,-ergodic to C,, and that 


=~ 


lim €, = €, lim L, = L, 
the latter of which follows from Lemma 2. 


3. The Continuity of A(e). Let € 9 denote a fixed value of « 
lying in the interval 0<¢<p (for the definition of p see the in- 
troduction). Let C be an ergodic curve of M for e=€9. Write 
A(€o) =L, so that the length of C is L. Let C,, denote the set of 
points lying at a distance <é€ from points of C. We note that 
McC,,. The ergodic function A(e) will now be demonstrated to 
be continuous on the left for e=€o. 

If A(e) be discontinuous on the left for €=€9, we shall have, 
since A(€) is monotone non-increasing 


lim A(e,) = L + 6, (6 > 0), 
for an arbitrarily selected sequence {e,} of € values for which 
En < = 65. 


On the other hand, according to Lemma 3 there exists a se- 
quence {C,} of continuous rectifiable curves such that, if L, 
denotes the length of C,, we have 

(a) lim L,=L, 

(b) C, is €,-ergodic to C,, (and therefore €,-ergodic to M) 
with €, <€9 and lim €, = 

Therefore, since A(€,) < Zn, it follows that 


lim A(€n) 


which is a contradiction to our previous result. Hence A(e) is 
continuous on the left for e=€o. 

The case €9<p is now disposed of. There remains the case 
€9=p to consider. That A(e) is continuous on the left in this 
case is trivial. The ergodic curve C shrinks to a point P, since 
A(p) =0, and one replaces the curve L, above by a circle of 
radius 1/n described about P as center. 
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RUFUS OLDENBURGER 


REAL CANONICAL BINARY SYMMETRIC 
TRILINEAR FORMS* 


BY RUFUS OLDENBURGER 


1. Introduction. In treating the equivalence of binary forms 
of the third degree under non-singular linear transformations 
it is natural to divide the problem into three parts. These are 
concerned respectively with the equivalence of forms of the type 


where 

(a) the vectors (x1, x2), (¥1, ¥2), (21, 22) are distinct; 

(b) 2 of the vectors (x;, x2), (v1, Ye), (21, 22) are equal but not 
equal to the 3rd; 

(c) the vectors (x1, x2), (1, ¥2), (21, 22) are equal. 

Dedekind, Schwartz, others, t and the author have treated the 
problem of the equivalence of binary trilinear forms in the com- 
plex field. Specifically the problem solved was that of deter- 
mining the conditions on (a;jx), (Gr) such that the form 
T =4;;4x 2% be reducible to the given form T’ y/z/ un- 
der the linear transformations 


(1) Xi = GipXp = , Zk = CkrBr 


where i, j, k, p, g, r=1, 2, and the matrices (aip), (bj,), (Cur) 
are non-singular. Recently the author solved this problem of 
equivalence for the field of reals.{| The theory for case (a) in 
the field of reals and complexes is hence complete. In the pres- 
ent paper the author treats the equivalence of forms satisfying 
(b) for the field of reals. 

Evidently, the class of forms (c) is contained in the class (b), 
which in turn is contained in the class (a). 

In a new paper, to appear elsewhere, the author has solved 
the problem of equivalence of the forms in class (c), making 


* Presented to the Society, March 26, 1937. 

t For a complete list of references see R. Oldenburger, On canonical binary 
trilinear forms, this Bulletin, vol. 38 (1932), p. 385. 

t R. Oldenburger, Real canonical binary trilinear forms, American Journal 
of Mathematics, vol. 59 (1937), pp. 427-435. 
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use of the results obtained here for class (b), many of which 
also hold for class (c). Class (c) is simply the class of all binary 
cubic forms 04;4x;x;x~. The theory of forms of classes (a), (b), (c) 
is thus complete for the field of reals. 

The forms in class (b) with real coefficients can always be 
written as 


T = 


where the matrix A =(a;;,) is symmetric with respect to the 
j and k indices; @123=4132,- The matrix A is 
then unique. It is proved in the present paper that T is always 
equivalent under transformations (1) on the x’s and y’s to one 
of six canonical forms. These six canonical forms correspond to 
six canonical pairs of quadratic equations to which pairs of 
quadratic equations with no linear terms are equivalent. 

The treatment involves the use of arithmetic rank invariants, 
and properties of invariant factors. The technique is essentially 
different from that used in earlier papers on binary trilinear 
forms. 


2. Definitions. The rank r; of a 3-way matrix A = (ai), 
(i, j7, R=1, 2), and its associated trilinear form T =aij.xz,2x is 
the rank of the 2-way matrix 


212 221 e222 
Assume that a;;x, (4, 7, =1, 2), are not all zero. The 3-way rank 


r[jk,i] of A and F is defined to be 2 or 1 according as the quanti- 
ties 


4111 12 e212 4111 212 


(2) 


222 4121 222 4221 4122 


are not all zero or are all zero. These are 3-way determinants 
with 7 non-signant. 

These ranks have been proved to be invariant under non- 
singular linear transformations* on T. 


3. The Case r;=1r;=17,=2. We shall need the following lemma: 


* R. Oldenburger, Composition and rank of n-way mairices and multilinear 
forms, Annals of Mathematics, vol. 35 (1934), pp. 622-657. 
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LemMaA 1. Let A, B be symmetric 2-way matrices of the second 
order. If |pA+oB| 0 and A, B are linearly independent, the 
quadratic form |pA+oB| is either indefinite or negative definite. 


Under transformation of A, B to 


a 0 ab 
0B bc 


where X is non-singular, the determinant |pA +oB| goes into 
|X|? |pA+oB]|. Ifa8=0, then |pA+oB] contains the factor o. 
If the determinant of the symmetric matrix of the quadratic 
form |pA+oB| is zero, |pA+oB]| is equivalent* under non- 
singular linear transformation on p, ¢ to ap’?, whence |pA +oB| 
can be written in the factored form a(gpo+ho)?. Hence, if 
|pA+oB| does not factor, 280 and the determinant of the 
form |pA+oB| is £0. The matrix of |pA+oB| is then regular 
and non-singular. Then | pA +oB| is equivalent to gp?+ho’. If 
g, h are of unlike sign the determinant of | pA +oB| is <0, and 
| pA +oB| factors. If g, h have the same sign this determinant 
is >0. Hence if |pA-+oB| does not factor, the determinant of 
|pA+oB| is >0, whence 


(ac — Ba)? + 4b?aB < 0. 


If a8>0 this is not satisfied. Hence if | pA +oB | does not factor, 
a8<0O and the determinant of | pA +oB| is >0O, whence 
|pA+oB| is negative definite. 

If the determinant of |pA+oB| is zero, then 


(2’) (ac — Ba)? + 4b’a8 = 0. 


If a8 >0, (2’) cannot be satisfied unless and ac—Ba=0. 
Then A, B are linearly dependent. If a8 =0, (2’) implies that 
ac—Ba=0, whence, since a, 8 are not both zera, the product 
ac =0. This implies ac = Ba =0. Hence | pA +oB| = —b’o?, which 
is negative definite if b~+0. As before b=0 implies the linear de- 
pendence of A, B. If a8 <0 the matrix of the form |pA +oB| 
is regular whence |pA+oB| is negative definite. If the determi- 
nant of |pA+oB| is #0, and a8 =0, then |pA+oB| is indefi- 
nite, or is —b’e?, which is negative definite. 


* L. E. Dickson, Modern Algebraic Theories, p. 88. 
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If the rank r[jk, i] of the symmetric form T=ainxwyn, 
(i, j, R=1, 2), is 1, then* r;=r,=1. Hence r[jk, i] =2. Let 
A = (a1;x), B = (a2). The matrices A, B are symmetric matrices. 
Since the coefficients of p?, po, o? in the quadratic form 
| pA +oB| are the quantities (2), the determinant |pA+oB| 40. 
Since r;=2, the matrices A, B are linearly independent. The 
matrices A, B hence satisfy the conditions of Lemma 1. 

If the quadratic form | pA +oB| is indefinite, it is equivalent 
under non-singular linear transformations{ on p, o to p’’—oa” 
which is further equivalent to p’’o’’ under the transformations 
p’’=p’—o’, o'’=p'+o’. These transformations correspond{ to 
non-singular linear transformations on %1, x2 of T, to give a new 
form yyx, for which =p''a"’, where 
A’ = (aij), B’ = (a2;x). It follows that A’, B’ are singular. The 
forms TY are equivalent§ to a pair 

=ay1?, =l(y1, yd )-m(yt, where 1, m are linear in 
yi, y?. Now lm#ky,”, since otherwise r;<2. It is hence no 
restriction to take 1~ky/. Let y/’ =I(y/, whence 
the pair T{’, transforms non-singularly into 
Ti" y/’), where is linear in y{’, y/’. Since 
is singular, n(yi’, y/’) =By2’ for some 8. Since r;=2; a, 80. 
Let xf’ , Then xf T/’’ +x/ T/’’ transforms into 
the canonical form 


R= xy? + 


where the primes on the variables have been dropped for the 
sake of simplicity. 

If |pA +oB| is a negative definite quadratic form of rank 1, 
it is equivalent|] to —o’?. This corresponds to the transition from 
T to T’ yiyx, where | =0, and 


111 4212 


(3) = 0. 


| 


, 
222 122 


* R. Oldenburger, op. cit., p. 649. 

¢ L. E. Dickson, Modern Algebraic Theories, p. 72. 

ft R. Oldenburger, Non-singular multilinear forms and certain p-way matrix 
factorizations, Transactions of this Society, vol. 39 (1936), p. 432. 

§ L. E. Dickson, op. cit., p. 69. 

|| L. E. Dickson, op. cit., p. 72. 
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The pair of quadratic forms is NOW equivalent 
to a pair ay{?, ay{? +2byf yd +cy/?, for which 


+ 


where K is the modulus of transformation. The analogue of (3) 
gives ac=0, whence, since a~0, we have c=0. Now 60, since 
r;=2. If we write 


= K*o’?, 


a 


the form xj ay{? (ay/? +2by/ ) transforms into the canoni- 
cal form 
L= + 


where the primes have been dropped. 
To treat the class of forms T for which |pA+oB| does not 
factor in the field of reals we shall need another lemma: 
LEMMA 2. A pair P of quadratic forms x?—-y?, ex?+2fxy+gy? 
is equivalent under non-singular linear transformations to the pair 
x?—y?, 2xy if and only tf the characteristic determinant 


) +o( 
of P 4s —p*—o’. 


The necessity is evident.* To prove the sufficiency assume 
that the characteristic determinant of P is —p?—o?. Then e, f, g 
satisfy the relations 


(4) g=e, 


An elementary computation reveals that the matrix X of the 
most general non-singular linear transformation leaving x?—-y? 
invariant in the sense that 


0-1 0-1 


where X’ is X-transpose, is of the form 


* L. E. Dickson, op. cit., p. 97. 
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ab 
x =J/( ), 
ba 


where 


and 
a? — 6? = 1, 


If the pairs of forms of the theorem are equivalent there exists a 
matrix X of the above form such that 


01 
xX’ X= E, 
10 


where 
Since 


it follows that 


01 2ab 
(5) )x=+/ 
1 0 a? + b? 2ab 


We shall show that it is always possible to choose the matrix 
(5) equal to E, where the elements of E satisfy (4). Now E is 
of the form 


e (1 + 
} 
(1 e?) 1/2 e 


(1 e?)1/2 e 


Take e~0. If E=E, equate E, and (5) with the + sign: if 
E=E, equate E, and (5) with the — sign. We obtain 


or 


— 

— 
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(6) e = + 2ab, (1 + e?)1/2 = g? + 8? 


We obtain as real solutions of (6) 


1 + e?)1/2 — 1\1/2 e 


which identically satisfy the condition a?—b?=1. If e=0, 


01 0-1 
—1 0 
In the latter case take the — sign in (5), and a=0, b=1. Then 
(5) 
We shall now show by Lemmas 1 and 2 that T=aijxyy:, 


where |pA+oB| does not factor, is equivalent to a canonical 
form of the type 


M = — y2) + 


By Lemma 1 | p(ai;s) +o(a2;x)| is equivalent under non-singular 
linear transformations on p, ¢ to —p?—o”’, since it is negative 
definite. This corresponds to a non-singular linear transforma- 
tion* on x;, x2 of T to give a new form 7’ =aj;.x/ yy; such that 


| p(aijz) + = — p? — 


Since | = —1, the form is equivalent under orthog- 
onal transformations{ on the y’s to ay{? —y/?/a, a>0, and 
42;x¥;yx transforms simultaneously to a new form T?. This pair 
of forms is further equivalent under the transformations 
yi’ , yd’ = yd of determinant unity toa pair 
—y2'*, T/’ with matrices which will be denoted by A’, B’ re- 
spectively. Now |pA’+oB’ =-—p’—o*. By Lemma 2, x/C; 
+x/T?’ is equivalent to M. 

Since the rank and index of the quadratic form |p(a:j;x) 
+ (a2;x)| are invariant under non-singular linear transforma- 
tions on T=a;;.x7yx, no two in the set of canonical forms 
R, L, M are equivalent. 


* See R. Oldenburger, Non-singular multilinear forms and certain p-way 
matrix factorizations, loc. cit. 
¢ L. E. Dickson, op. cit., p. 74. 


| 

| 


1937-] TRILINEAR FORMS 553 


4. The Cases where r;, rx) #(2, 2, 2). By symmetry 7;=r;. 
If r;=2, r;=r,=1, then* r[ij, k] =r[kj, 1] =r[ik, 7] =1, which, 
as is easy to show, implies that r;=1, giving a contradiction. 
If r;=7,=2, then is equivalent at once to 
P=x(yi+y?) or Q=x2(y2—y?). In the first case | p(arjx) 
+o (as;x)| is positive definite, in the latter case negative definite. 
If r;=rj=r,.=1, T is equivalent to xyy?. Evidently P, Q are 
not equivalent. 


5. Results. By the invariance of rank it follows that the ca- 
nonical forms obtained are not equivalent. We have proved this 
theorem: 

THEOREM. Two binary symmetric forms T =ajjixiyyy, and 
T’ =ai y/ yi are equivalent if and only if they have the same 
set of ranks [1;, 7x], and the quadratic forms | +0 (a2;x)| , 
| p (aij) +o (a5;x)| have the same rank and index. 


It follows from the theory that a pair of quadratic equations 
with no linear terms is equivalent to one of the canonical pairs 
[x? y? = b], [x? b], [x? — = 4, = b], 
[x? ++ y? = a,0=0], [x2 — y? = 0,0 = 0], 
or [x?=a, 0=0], where the roots of the original pair are linear 
in the roots of the canonical pair. 


ARMOUR INSTITUTE OF TECHNOLOGY 
THE INSTITUTE FOR ADVANCED STUDY 


* R. Oldenburger, Composition and rank of n-way matrices and multilinear 
forms, Annals of Mathematics, vol. 35 (1934), p. 641. 
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SOME INEQUALITIES CONCERNING FUNCTIONS 
OF EXPONENTIAL TYPE 


BY R. J. DUFFIN AND A. C. SCHAEFFER 


In this paper we derive two inequalities concerning entire 
functions satisfying the conditions f(z) = O(e"'#!), and |f(2)| <1 
on the real axis. Our results are closely related to theorems given 
by S. Bernstein, Szegé, van der Corput and Schaake, and Boas.* 


THEOREM I. Let f(z) be an entire function such that 
(1) f(z) = O(en'!) 
uniformly over the entire plane, and on the real axis 
(2) | f(z)| <1. 
Then, if a and b are any two real numbers, 
(3) | af(z) + bf’(2)| (a® + 
for real z. 


PROOF OF THEOREM I: By means of Cauchy’s Integral For- 
mula and the Phragmén-Lindeléf Principle it is not difficult to 
show that if f(z) satisfies the conditions of Theorem I then 


kr 
«) 


d f(z) 
(4) — = — 
iE n(z + a) nd {n(z + a) — kr}? 


For the proof of (4) see Pélya and Szegé, Aufgaben und Lehr- 
sdtze aus der Analysis, vol. II, page 35 and page 218. If @ is 
real we have |f(kx/n —a)| <1, hence for all real z and a 


| f’(z) sin n(z + a) — cos n(z + a) | 
<> 


{n(z +a) — kr}? 


* S. Bernstein, Comptes Rendus, vol. 176 (1923), p. 1603. 

Van der Corput and Schaake, Compositio Matematica, vol. 2 (1935), p. 321; 
vol. 3 (1936), p. 128. 

Szegé, Schriften der Kénigsberger gelehrten Gesellschaft, Naturwissen- 
schaftliche Klasse, Fiinftes Jahr 4 (1928), p. 69. 
Boas, Transactions of this Society, vol. 40 (1936), p. 287. 


n sin? n(z + a) 


(5) 
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Using the expansion 1/sin? xw =>1 /(nw—kr)?, we obtain 
(6) | f’(2) sin n(z + a) — nf(z) cos n(z + a) | <n. 


Given any real numbers a and b we may choose an a 
such that sin n(z+a)=b/(a?/n?+b?)"? and cos n(s+a) 
=a/(a?/n?+5?)'/?, Substitution in (6) then proves Theorem I. 


THEOREM II. Let f(z) be a function which is real on the real 
axis and which satisfies the conditions of Theorem 1. Then, if 
z2=x-+1y, 


(7) | f(z) |? + n?| f(z) |? mn? cosh 2ny. 


Unless f(z) is of the form cos n(z+«a) the equality sign can occur 
only at points on the real axis where f = +1. 


PROOF OF THEOREM II: If 2(z+a) is not a multiple of 7 the 
equality sign can occur in (5) only if +f(kr/n—a) =(—1)* for 
all k. Putting these values for f(kr/n—a) in (4) one finds 
f(2)=+c0s n(z+a). If n(z+a) isa multiple of x the equality sign 
in (5) clearly can occur only if f(z) = +1. 

In (3) let a=n?f and b=f’. Then we find for real z 


(8) + f(z) }? < n?. 


We shall suppose throughout that f(z) is not of the form 
cos n(z+qa) for any real a. Then the equality sign can occur in 
(8) only at points where f(z) = +1. From (8) we have | f’(z)| <n 
for real z. It is easy to show that f’(z) =O(e"!!), so that f’(z)/n 
satisfies all the conditions that f(z) does, and we have from (8) 


n 


nN 


This is a strict inequality, for the equality can occur only at 
points where f’(z)/n = +1, and we have shown that | f’(z)| <n. 
In the same way one shows by induction that for the higher 


derivatives 
(k+1) 2 (k) 3 


n* n 
Thus if f(z) is expanded in a power series 


fi) =O 


v=0 
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we have n’a?2+a3,,<n?’t”, or 
(10) | Na, + ia,s1| < 


The equality sign can occur only if y =0. 
Let us write f(z) in the form 


f(z) = g(z) + u(z) = 


where g(z) is even and u(z) is odd. We see that on the imaginary 
axis (=iy) the functions g(z) and u’(z) are real while g’(z) 
and u(z) are pure imaginary. Let | y| >0. Then 


fliy) |* + | fCéy) |* = |? + |? 
+ | g’(iy) |? +| w’(iy) 
Combining the two even functions g and u’ we obtain 
n?| g(iy) |? + | u’(iy) |? = | mg(iy) + in’(iy) |? 


1 2v 
y) 
By the inequality (10) this is less than 


2 
= n* cosh? ny. 


nt 
(2v)! 
Combining the odd functions u and g’, we have 
u(y) |? + | g’(éy) |? = | mu(iy) + ig’(éy) |? 
+ 


2 


= (2p + D! (ay) 
0 
ba 2 
<| >> (r+ = n? sinh? my. 
0 


Thus we have 

n*| f(iy) |? +| f'(iy) 
We have thus demonstrated that (7) holds on the imaginary 
axis; but if 8 is real f(z+) also satisfies the conditions, so this is 


sufficient. We remark that if f(z) =cos m(z+a), (7) becomes an 
equality throughout the plane. 


2 < n* cosh? ny + n? sinh? ny = n* cosh 2ny. 


PurRDUE UNIVERSITY 
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NOTE ON THE RELATION BETWEEN CONTINUITY 
AND DEGREE OF POLYNOMIAL APPROXI- 
MATION IN THE COMPLEX DOMAIN* 


BY J. L. WALSH AND W. E. SEWELL 


1. Introduction. It is the purpose of the present note to 
establish the following theorems: 


THEOREM I. Let C be an analytic Jordan curve in the z-plane 
and let f(z) be defined in C, the closed limited point set bounded 
by C. For each n, n=1, 2,--- , let a polynomial P,(z) of degree 
n in 2 exist such that 


M 
(1) | P»(z)| z inC, 0<aXi, 
nN a 


where M is a constant independent of n and z, and p is a non- 
negative integer. Then f(z) is analytic in C and continuous in C; 
the pth derivative f(z) exists on C in the one-dimensional sense 
and satisfies the condition 


(2) f (zs) — f(@2) | a1 — log | 21 — |*, 
220nC, 


where B=0 if a<1, and B=1 if a=1, and where L is a constant 
independent of 2; and 22. 


THEOREM II. Let E, with boundary C, be a closed limited point 
set in the z-plane whose complement K is connected, and is regulat 
in the sense that there exists a function w=(z) which maps K 
conformally but not necessarily uniformly onto | | >1 so that the 
points at infinity in the two planes correspond to each other. Let 
the locus Cr: | (2)| =R>1, consist of a finite number of mutually 
exterior analytic Jordan curves. Let f(z) be defined in E, and for 
each n,n=1,2,--- , let a polynomial P,(z) of degree n in z exist 
such that 


(3) — Pa(z)| sinE, O<eS1, 


9 
nPtatl Rn 


* Presented to the Society, March 27, 1937. 
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where M is a constant independent of n and z, and p is a non- 
negative integer. Then f(z) when suitably defined exterior to E is 
analytic in Cr and continuous in Cpr; the pth derivative f(z) 
exists on Cr in the one dimensional sense and satisfies the condition 


(4) | — | L| 21 — 22|*| log| 21 — 
21, 22 ON Cr, 


where B=0 if a<1, and B=1 if a=1, and L is a constant in- 
dependent of 2, and 22. 


In these theorems the case p=0 is not excluded: 
f(z) = f(z). 


Sewell* has already proved the slightly less general results 
that under the hypotheses of Theorems I and II the function 
satisfies a Lipschitz condition? of every order a’ <a on 
C and Crp, respectively. 

J. Curtiss has shown{ that if the boundary C of a closed 
limited point set E consists of a finite number of mutually ex- 
terior analytic Jordan curves, if f(z) is analytic in the interior 
points of E and continuous in E, and if f(z) exists in the one- 
dimensional sense on C and satisfies on C a Lipschitz condition 
of order a, 0<a<X1, then there exist polynomials P,(z) of re- 
spective degrees nm such that (1) is valid for z in E with B=0 
even for a=1. Thus Theorem I is for 0<a<1 an exact converse 
of Curtiss’s result. We show by an example that for a=1 an 
exact converse is impossible. 

To be sure, Curtiss did not state his result in the above 
form, but assumed f(z) continuous in E. Nevertheless the 
lighter assumption is sufficient for his purposes, because we 
prove below (Theorem III) that this lighter assumption im- 
plies also the heavier assumption. 

In the notation of Theorem II suppose | f(z) —P,(z)| 
zon E,n=1,2,--- , where €, approaches zero as » becomes in- 
finite. The study of the relation between ¢, and the continuity 


* Transactions of this Society, vol. 41 (1937), pp. 84-123. 

+ The function f(z) is said to satisfy a Lipschitz condition of order a, 
0<a<1, on the set E if for z; and z: on E, we have | f(z:) —f(z)| SL|2:—2|%, 
where L is a constant independent of z; and 22. 

t This Bulletin, vol. 42 (1936), pp. 873-878. 
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properties of f(z) on E is called Problem a, and the study of the 
relation between ¢, and the continuity properties of f(z) on Ce 
is called* Problem 8. Thus in Theorem I we have a result on 
Problem a and in Theorem II a result on Problem £. 

The method of proof of Theorems I and II is an application of 
conformal mapping to de la Vallée Poussin’sf results on trigo- 
nometric approximation. 


2. Proof of Theorem 1. The analyticity of f(z) interior to C 
and the continuity of f(z) in C follow directly from inequality 
(1). We consider first C to be the unit circle: |z| =1. Let 
f(e®) =u(0)+20(0); then inequality (1) on C implies 


= < 


(5) — S 


where P,,(e) But »,(@) and g,(@) are trigono- 
metric sums of order n and hence (de la Vallée Poussin, loc. cit., 
pp. 57 and 61-62) we have 


| | < L,| | log | 62 | 
| oP) (02) | L,| 6. || log | 62 | 


where 8=0 if a<1 and B=1 if a=1. Here u™(@) denotes the 
pth derivative of u(@) with respect to 0; u(@)=u(0). We have 


(6) 


FO) _ + = + WO) — 
df’(e’*) 


1 
= + iv’"(8)) + (u’(0) + 


de® 


and similarly for higher derivatives. 
Now u“ (6), k=0, 1, 2,---, satisfies a Lipschitz con- 
dition of order 1, as does the function e~*®,. Thus we have 


| — | — log| 61 — 62] |*, 


which through the properties of e implies inequality (2) for 
z on C; the proof of Theorem I is complete for C the unit circle. 


* A more general formulation of these problems is given by Sewell, loc. cit., 
along with an extensive bibliography. 

{ Ch. J. de la Vallée Poussin, Legons sur l’ Approximation des Fonctions 
d'une Variable Réele, Paris, 1919; see especially Chap. IV. 
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Now let C be an arbitrary analytic Jordan curve, and let the 
function w= ®(z), z=WV(w), map C conformally onto | w| 
the function V(w) is analytic and univalent in some closed 
region | w| <R)>1. Inequality (i) implies 
M 

pta 


n 


(7) — P.[¥(w)]| <1. 

The polynomials P,(z) are uniformly bounded on C for all n, 
say | P.(z)| < Mi; then by a well known theorem* we have 
(notation of Theorem IT) | P,(z)| < M,R* for z on Cr. Let Tp, 
be the curve | b(z)| =R,<Ro, Ri>1, in the z-plane. Choose 
R>1 so that Tg, lies interior to Ce. Then | P, [¥(w)]| < 
for | w| <Ri. We have 


1 P,.[ Y(t) 
P,[¥(w)] — Qn(w) = (¢ — 


| w| < Ri < Ro, 
where Q,,(w) is the sum of the first m+1 terms of the Taylor 
development of P,,[W(w)] about the origin. This yields 
M,R*r™*! 


— r)R” 


| Pa[¥(w)] — On(w) | 
Let us choose 7, 1<r<_R;, and choose (this method is similar to 
that used by Curtiss, loc. cit.) m=gqn where gq is a positive 
integer such that R(r?/R,*) =r, <1; then we have 


Mir 
(8) | Pal¥(w)] — Qen(w)| |w| sr>1. 
Inequalities (7) and (8) yield 
M My 
| — Qon(w) | — + | <1; 


R, 


but we have 7; <1, and (M,r)/(Ri—1) is a constant independent 
of ”, so for suitably chosen M2 we have 


| = Qan(w) | < M, 


npta (qn) ?t@ 


* See, for example, J. L. Walsh, Interpolation and Approximation, Collo- 
quium Publications of this Society, vol. 20 (1935), pp. 77-78. 


| 
| 
| 
| 

_ 
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Now choose Ly(w) =0, N=1, 2, Len’ (w), 
h=0, 1, 2,---,q—1, N’=1, 2,---. Thus we have 


| w| =1,2,---, 


| s[¥(w)] — Lx(w)| < 


since when M; is suitably chosen we have M.gt«/N,t« 
< M;/(Ni+h)?t+*, OShSq—1. Hence inequality (2) is satis- 
fied by d?f[W(w) ]/dw? in the one-dimensional sense on | w| =1. 
Since ¥(w) is analytic on | w| =1 it follows by the method used 
above* that inequality (2) is valid for z on C; the proof of 
Theorem I is complete. 

For the function w*/k(k—1) we have (| w| <1) 


| Aw) > 


— 1) k(k — 1) 


2s 1 1 1 
n=1,2,---; 
\k — 1 k n 


but f(w) does not satisfy a Lipschitz condition of order 1 on 
| w| =1 since the derivative f’(w)=—log (1—w) becomes in- 
finite as w approaches 1. Thus for a=1 the hypothesis of The- 
orem I does not imply a Lipschitz condition of order a; an exact 
converse of Curtiss’s theorem for a=1 is impossible. 


3. Proof of Theorem II. Let us set 
(9) f(z) = Pi(z) + [Po(z) — Pa(z)] + [Pa(z) — Po(z)] +---. 
Inequality (3) implies 


| — Pa(z)| zin E, 
| Prii(z) — P,(z)| Cr. 


Thus we have from equation (9) even exterior to E 
M' 
? z in Cr. 
pta 


| f(z) — Pa(z)| 


* Or W. E. Sewell, this Bulletin, vol. 41 (1935), pp. 111-117; especially p. 
117. 


| M; 
—_. 
Nete 
| 
| 
| 
| 
| 
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Theorem II now follows from Theorem I. 
If we set for |w| <R>1 


bed k 


we have for | w| <1 
n w* bad 1 
w) > |< 
R'k(k — 1) 2, R'k(k — 1) 
1 1 1 
< —< 
nln +1) R* R—1 


Yet f(w) does not satisfy a Lipschitz condition of order 1 on 
|w| =R since, as above, the derivative f’(w) becomes infinite 
as w approaches R. As in §2 we consequently see that for a=1 
inequality (3) does not imply a Lipschitz condition of order a. 


4. Continuity of the Derivative in C. To establish further prop- 
erties of the functions f(z) of Theorems I and II, and to relate 
these theorems to the results of Curtiss, we prove a third 
theorem: 


THEOREM III. Let C be an analytic Jordan curve, let the func-" 
tion f(z) be analytic interior to C and continuous in the correspond- 
ing closed region C, and let the pth derivative f(z) exist and be 
continuous on C in the one-dimensional sense. Then f‘?)(z) defined 
interior to C in the usual two-dimensional sense and defined on C 
in the one-dimensional sense is continuous throughout C. 


It is sufficient to prove the theorem for the case p=1, for 
the proof extends automatically by induction. 

Let C be the unit circle; the more general case can be trans- 
formed by conformal mapping to this special case. The original 
hypothesis fulfilled for an analytic curve C implies the corre- 
sponding hypothesis for the unit circle, and the conclusion 
proved for the case of the unit circle implies the more general 
conclusion stated in the theorem. 

The function f(z) then satisfies the conditions 


(10) f = 0, 
c 


| 


1937] POLYNOMIAL APPROXIMATION 563 


by Cauchy’s integral theorem. If on C we set z=e”, dz =ied6, 
the Fourier development of f(z) on C by (10) can be written 


f(2) ~ = = 
1 f(z) 


— = —— dz. 
) 2r1 


c 


By partial integration we may write, for k=0, 1, —1, 2, —2, 


c 


The first term on the right vanishes because f(z) is single-valued 
and continuous on C. The Fourier development on C of f’(z) 
is therefore by (10) and (12) 


n=1 n=1 
where the a, are given by (11). 

In (11) and (13) the series represent thus far only formal 
developments on C. But by the continuity of f(z) in C, the 
series LD, ons” is precisely the Taylor development of f(z) 
valid throughout the mterior of C. By differentiation it follows 
that DL, fanz" is the Taylor development of f’(z), likewise 
valid throughout the interior of C; it follows by inspection that 
this series is formally identical with the Fourier development 
(13) on C of the derivative f’(z). By the continuity of f’(z) on C, 
the second form of the development (13) is valid uniformly on C 
when summed by the method of arithmetic means; the cor- 
responding sequence converges uniformly in C to the function 
f'(z) on C and to the function f’(z) interior to C. Consequently 
the function f’(z) is continuous throughout C, and the proof is 
complete. 

Various refinements of Theorem III exist and are to be pub- 
lished by the present writers on another occasion. 
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ON BOUNDED CONVOLUTIONS 
BY E. R. VAN KAMPEN AND AUREL WINTNER 


For a type of convolutions of distributions on convex curves, 
there has been given recently a purely geometrical convergence 
criterion.t In what follows, this geometrical criterion will be 
freed from the convexity assumption, thus obtaining in case of 
bounded spectra a necessary and sufficient convergence criterion 
which involves only the spectra and not the distribution functions 
themselves. Only one-dimensional distributions will be con- 
sidered; it will be clear from the proofs that the transition to 
multi-dimensional cases is obvious. 

If 8 =8(x) is a distribution function, let S(8) denote its spec- 
trum, and [S(8)] the diameter of this spectrum, the diameter 
[T ] of a set T being defined as the least upper bound (< +) 
of the mutual distances of the pairs of points contained in T. 
The vectorial sum{ of two sets 7;, Tz will be denoted by 
T:(+)Ts2, so that S(6;*B2) is the closure of S(6:) (+) S(62); and 
S(8:*B2* ---) is the closure of S(6:)(+)S(62)(+) ---, when- 
ever the infinite convolution §,*8,* - - - is convergent. An in- 
finite convolution §,*8,* - - - will be called bounded if 


(1) > <+ 


n=1 


It is clear that the boundedness of an infinite convolution is 
neither necessary nor sufficient for its convergence. 

If 8,*8.* --- is convergent, its spectrum S(6,*B.*---) isa 
bounded set if and only if 6,*8.* - - - is a bounded convolution in 
the sense (1). This is implied by the fact that an infinite convolu- 
tion B,*B.* - - - is bounded if and only if 


(1’) [S(B:* - - - B,*)] < const. (n = 1,2,---). 


¢ E. R. van Kampen and A. Wintner, Convolutions of distributions on con- 
vex curves and the Riemann zeta function, American ‘ournal of Mathematics, 
vol. 59 (1937), pp. 185-186. 

t Cf. B. Jessen and A. Wintner, Distribution functions and the Riemann zeta 
function, Transactions of this Society, vol. 38 (1935), p. 52 and p. 56. 
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The latter statement is clear in the one-dimensional case. In the 
multidimensional case, where the direction of a maximum di- 
ameter can rotate when varies, the proof follows by projecting 
these maximum diameters on the axes of a fixed coordinate sys- 
tem and applying then an elementary geometrical argument. 
The equivalent formulation (1’) of (1) will not be used in what 
follows. 
It will be shown that a bounded infinite convolution 6,*B.* 
- is convergent (absolutely convergent) if and only if the 
series 


(2) 

n=1 
is convergent (absolutely convergent) for at least one choice of 
the point x, on S(6,), in which case (2) is uniformly (absolutely- 
uniformly) convergent for all choices of x, on S(8,). 

Those statements of this theorem which concern absolute 
convergence need not be proved separately, since they are obvi- 
ous consequences of the corresponding statements concerning 
convergence. 

It is clear from (1) and from the definition of the diameter of 
a set that if the series (2) is convergent for a single choice of x, 
on S(6,), then (2) is uniformly convergent for all choices of 
x, on S(8,). It is similarly seen that (2) is convergent for ail 
choices of x, on S(8,) if and only if 


(3) is convergent, 
n=1 
where 
+00 
(4) -f x™dB(x). 


=—@® 


Hence, what one has to prove is that (3) is, in case (1), neces- 
sary and sufficient for the convergence of the infinite convolu- 
tion - - - . Now it is knownf that if 


(5) S(B,)CK, 


ft B. Jessen and A. Wintner, loc. cit., p. 57. 


— 
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where K is a sufficiently large bounded set independent of , 


then §,*8,* - - - is convergent if and only if both series 
(6:) (62) {2(Bn) — (ur(Bn))?} 
n=1 n=1 


are convergent. Consequently, it is sufficient to prove that 

(i) if (1) is convergent, then so is (62); 

(ii) if B,*B.* - - - is convergent and (1) is satisfied, then there 
exists a bounded set K satisfying (5). 

In fact, it clearly follows from (i) and (ii) respectively that 
(3) is sufficient and necessary for the convergence of 6,*B;* - - - 
in case the boundedness condition (1) is satisfied. 

Now, it is seen from (4), where yo(8) =1, that the series (62) 
can be written in the form 


x +e 
{x — where = f xdB,,(x). 
n=l 
This series has, in view of the definition of the diameter [S(6,) ] 
of the spectrum S(6,) of 8,, the majorant 


[S(Bx) }?, 


a series which is convergent in virtue of (1). This proves (i). 
On the other hand, if 8;*8.* - - - is convergent, thent B,—A as 
where denotes the “unit” distribution function, that 
is, the distribution function the spectrum of which consists of 
the single point x =0. Hence, if 8;*8.* - - - is convergent and (1) 
is satisfied, then there exists for every €>0 an N=N, such that 
S(8,) is, for every n> N, within the e-vicinity of the point x =0, 
and so (5) holds for a sufficiently large bounded set K. This 
proves (ii). 
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ON A THEOREM OF HIGHER RECIPROCITY* 
BY ALBERT WHITEMAN{ 


1. Introduction. Let D denote the totality of polynomials in 
an indeterminate x, with coefficients in a fixed Galois field 
GF(p*) of order p*. Let P be a primary irreducible polynomial 
in 9; then, if A is any polynomial in D not divisible by P, we 
define {A|P} as that element in GF(p*) for which 


= (mod P), 
P 


where v is the degree of P. 
We have then the following theorem of reciprocity due to H. 
Kuhnef and rediscovered by Schmidt§ and Carlitz.|| 


If P and Q are primary irreducible polynomials in D of degree 
v and p respectively, then 


P Q 
= 
igh 
If M=P,.™ - - - Py** and (A, M)=1 we use the definition, 


The purpose of this note is to give a simple new proof of the 
following theorem: 


* Presented to the Society, February 20, 1937. 

¢ Harrison Scholar in Mathematics, University of Pennsylvania. 

tH. Kuhne, Eine Wechselbeziehung zwischen Funktionen mehrerer Unbe- 
stimmter die zu Reziprozitdtsgesetzen fithrt, Journal fiir die reine und ange- 
wandte Mathematik, vol. 124 (1901-02), pp. 121-133. 

§ F. K. Schmidt, Zur Zahlentheorie in Kérpern von der Charakteristik p, 
Sitzungsberichte der Physikalish-medizinischen Societét zu Erlangen, vol. 
58-59 (1928), pp. 159-172. 

|| L. Carlitz, The arithmetic of polynomials in a Galois field, American Jour- 
nal of Mathematics, vol. 54 (1932), pp. 39-50. 


— 
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If M and N are primary relatively prime polynomials in D of 
degree m and n respectively, then 


ta} 


This generalized form of Kuhne’s theorem is, of course, not 
new. The novelty of our method consists in proving the case 
M, N directly (rather than P, Q) by making use of the general- 
ized analog of Gauss’s lemma* proved in §2. 


2. Generalization of the Analog of Gauss’s Lemma. We shall 
employ the following notation. If 


F = ax ao 0, 
is a polynomial in D, then 
sgn F = a, deg F = v; 
for sgn F=1, F is said to be primary. Let R(A/B) denote the 


remainder in the division of A by B. Then the generalization 
in question is furnished by the following lemma. 


LemMA. Let A and M bein D, M primary and relatively prime 


to A; then 
A HA 
degH<m M 


the product extending over all primary H of degree less than the 
degree of M. 

We shall now give a proof of this lemma along lines suggested 
by Schering’sf proof in the numerical case. 


3. Proof of the Lemma. Following Dedekind,f we define 
$(M) to be the number of polynomials in a reduced residue sys- 
tem, mod M; the number of primary polynomials prime to M 


* L. Carlitz, loc. cit., p. 46. 

t E. Schering, Zur Theorie der quadratischen Reste, Acta Mathematica, vol. 
1 (1882), pp. 153-170; see also P. Bachmann, Die Elemente der Zahlentheorie, 
1892, pp. 144-148. 

t R. Dedekind, Abriss einer Theorie der héheren Congruenzen in Bezug auf 
einer reellen Primzahl-Modulus, Journal fiir die reine und angewandte Mathe- 
matik, vol. 54 (1857), pp. 1-26. 
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and of degree less than m is then evidently ¢(M)/(p7—1). 
Hence, just as in the numerical case, it is very easy to show 
that the number of primary polynomials H of degree less than m 
such that (H, M)=D is ¢(M/D)/(p7—1). 

Put H=H,D, M=M,D. Then the congruence 


HA 

HA = H' sgn (mod M), deg H’<m, sgn H’ = 1, 

becomes 
HA 

(1) H,A = Hy sgn (mod M;). 

Evidently the polynomials H, are the polynomials H/ in 
some order. Therefore, if we multiply all congruences of the 
type (1) together and divide each member of the resulting con- 


gruence by the product of the H; (which is prime to M;), we 
have 


HA 
(2) = T] sen (mod M;). 


(H,M)=D 


For M,=P, a primary irreducible polynomial of degree vy, 
the last congruence becomes 


(3) = (mod P). 
Writing this congruence in the form 
= + FP, 


and raising both members to the »*-*th power, we can 
readily show that 


But it is well known that 
o(P*) = i} 


Hence 


= 
= 
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(4) = (mod P*). 


Finally, for 0<b;Sa;, R>1, deg Pi=vi, 
we have 


$(M;) 1 Il — 1), 
1 1 i=1 
Hence, since 


= 1 (mod P;), 
it follows that 


(5) = 1 (mod 


where, as already stated, M, is the product of at least two dis- 
tinct irreducible polynomials. 


Combining the results of (2), - - - , (5) we now see that 
HA 
(6) I] sgn ) 
(H,M)=D M 


has the value 1 unless M,= M/D is irreducible or the power of 
an irreducible polynomial. On the other hand, for M,=P/? 


(b=1,---,«@;), (6) has the value {A|P;}. Consequently 
A 
D|M (H,M)=D degH<m 


from which the Lemma follows at once. 


A)% 


4. Proof of the Theorem. Let A, N denote primary polynomials 
of degrees a, m respectively; let (A, N) =1, a2n. Consider the 
congruence 


A =R(A/N) (mod N), deg R(A/N) <n. 


Evidently there exists a primary H(say Ho) of degree a—mn such 
that 


A =R(A/N) + AN. 


But this equation may be written in the form 
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(7) H.N = —®(A/N) (mod A). 


Let E be any polynomial (not necessarily primary) of degree 
less than a—n. Then we may write 


(8) (Ho + E)N = EN —R(A/N) (mod A), 
where 


(9) 0 < deg(EN — R(A/N)) <a, 


sgn (EN — R(A/N)) = sgn EN = sgn E. 


Furthermore, we have the obvious identity 


(10) II [J EX0. 
degH=a—n deg E<a—n 
Therefore, by equations (7),--- , (10), 
HN 
II sgn r(—) 
deg H=a—n A 
Ho + E)N 
(11) = sgn R( ) II sn 
A deg E<a—n A 


= — sgn r(=) Il sgn E. 


deg E<a—n 


Now, by the generalization of Wilson’s theorem for a Galois 
field, 


I]6=-—1,  binGF(p*), 
b 


from which it follows at once that 


I] sgn E = 1). 


deg E<a—n 
Hence (11) becomes 
HN A 
(12) sgn R(—) = (— 1)*"*! sgn 
degH=a—n A N 
Since 


—— = — R(——], deg HN = deg A, 
A 


= 
= 
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(12) may also be written in the form 


a3) sen = (— sen 
sgn —— = (— 1)** sen 
deg H=a—n HN N 
Let us now assume, as we may without any loss of generality, 
that m2n. In (12) replace A by KM, where K is any primary 
polynomial of degree k(k <n). Then we have 


Il R(—) (— 
sgn sgn e 
degH=k+m—n KM N 


Now let K run through all the p7* primary polynomials of de- 
gree k; we get 


HN KM 
(14) n R( ) = (— [TJ sgn 
KM degK=k N 
deg K=k 


In a similar manner we may obtain from (13), 


HN HN 
(15) sgn =(—1)* J] sgn a(—). 
KM deg H=k+m—n M 
degK=k 
Comparing (14) and (15), we obtain 


KM HN 


degK=k M 


Therefore 


son = mn+n —n sen 
N m—nSdegH<m M 


deg K<n 
When we note that 


HN 
—jJ=1 
Il en R( 


deg H< m—n 


4 


the theorem follows at once. 
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THE MOST GENERAL TRANSFORMATIONS OF 
PLANE REGIONS WHICH TRANSFORM 
CIRCLES INTO CIRCLES 


BY CONSTANTIN CARATHEODORY 


1. Introduction. If we consider two plane regions R and R’ 
which are mapped conformally the one upon the other, there 
corresponds to every circle c contained in R an analytic closed 
curve c’ contained in R’. If an arc @ lying on the circle c has a 
circular image the curve c’ must be itself a circle. 

Suppose that the interior of the circle c belongs to the region 
R. Then both circular discs bounded by c and c’ respectively are 
represented conformally the one upon the other. It is a well 
known fact that in this case the transformation of these circles 
into one another is given by a transformation of M’ bius by 
which, furthermore, every circie of R is transformed into a 
circle of R’. 

If we drop now the condition that the one to one correspond- 
ence of our regions must be conformal, the assumption that 
one single circle of R has a circular image is no longer sufficient 
to characterize the transformations of Mébius. On the other 
hand, if we make the stronger assumption that every closed 
circle contained in R is transformed into a circle, we shall see 
in the course of this paper that a theorem analogous to the one 
stated above holds under surprisingly general conditions. To 
prove that the transformation which we consider is a trans- 
formation of Mdébius it is no longer necessary to assume from 
the outset (as is the case for the analogous theorem concerning 
collinear transformations) that this transformation is continu- 
ous, or that it is measurable in the sense of Lebesgue, or even 
that the point set R’ is itself a region. 

The condition that circles lying in a region R have circular 
images characterizes the group of Mébius transformations among 
all the one to one arbitrary correspondences between the points of 
R and the points of a quite arbitrary point set of the plane. 


2. Statement of a Preliminary Theorem. We consider a circular 
open disc which we shall call C and suppose that there is a one 
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to one correspondence between the points P of this disc and the 
points P’ of a bounded point set C’. We do not suppose this cor- 
respondence to be continuous or even to be measurable in the 
sense of Lebesgue. But we assume that every closed circular 
line ¢ which is contained in the domain C is transformed by 
the above correspondence into a line c’ of the same kind whose 
points lie on C’. We shall prove that every transformation 
which possesses these properties is a Mébius transformation 
and therefore analytic. 

It is very important to make the following rather obvious 
remark: if two circles c/ and c? contained in C’ are the images 
of two circles of C, say of c, and c2, then the number of points 
common to the pair of circles c{ and c/ is the same as the num- 
ber of points common to ¢ and ¢. In particular, if c, and c are 
tangent to one another the same is the case for c/ and c/ and 
conversely. 


3. Reduction of the Transformation to a Normal Type. In using 
transformations of M bius we plot the domain C and a circle D’ 
which contains in its interior the bounded point set C’ on the 
unit circles of two planes with coordinates x, y and x’, y’ respec- 
tively. In doing this we can always assume that the origins of 
both planes correspond to points of C and of C’ which are images 
of one another by the given transformation. 

Finally we make two inversions respectively on the unit 
circles of both these planes. 


4. Preservation of Parallelism. To the original transformation 
of the domain C into the point set C’ corresponds now a one to 
one transformation of the exterior E of the unit circle in the 
plane with coordinates x, y intosome point set E’ lying outside 
of the unit circle of the second plane. To every closed circular 
line lying in E corresponds a closed circle of E’. Finally every 
straight line contained entirely in E is transformed into a 
straight line lying in E’. 

Likewise every pair of parallel straight lines of E is trans- 
formed into a pair of parallel straight lines of E’. 


5. Preservation of Orthogonality. Take now two such pairs of 
parallel straight lines lying in E and cutting at right angles. 
Suppose furthermore that there is a circle contained entirely 
in E and circumscribed to the rectangle formed by these lines. 


= 
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The whole figure is transformed into a circle of E’ in which a 
parallelogram is inscribed; this parallelogram must therefore 
be a rectangle. 

We infer herefrom without difficulty that two straight lines 
of E orthogonal to one another are always transformed into lines 
of E’ having the same property. 


6. The Image of C is a Domain. We take two circles of E 
which are concentric to the unit circle and consider two or more 
rectangles inscribed in the one of these circles and having two 
opposite sides tangent to the other. As the corresponding 
figure lying on E’ shows exactly the same disposition, the circles 
contained in these figures and which are images of the two 
circles considered above must also be concentric to one an- 
other. 

Furthermore let c be an arbitrary circle of E concentric to 
the unit circle. To every point P’ lying on the image c’ of c 
corresponds a point P of c. To the tangent to the circle c passing 
through the point P corresponds the tangent to c’ passing 
through P’. Consequently every point of the plane with co- 
ordinates x’, y’ exterior to c’ must belong to the point set E’. 
We conclude from this that E’ is an open set consisting of all 
the points which are exterior to a certain circle. The point set C’ 
which we have considered above must therefore be a circular 
disc and we could have taken the circle D’ coinciding with the 
boundary of C’. 

If we do this the point set E’ coincides with the exterior of the 
unit circle of our plane with coordinates x’, y’, and the circles 
of E concentric to the unit circle are transformed into circles 
of E’ having the same property. 


7. Preservation of the Centers of Circles. Take now a circle y 
lying in E whose center is at a distance from the origin greater 
than 2'/*. Under these conditions there are at least two diam- 
eters of y orthogonal to one another which belong to straight 
lines lying in E. There are also at least two tangents to the same 
circle cutting at right angles and parallel to the diameters which 
we have been considering and entirely contained in E. 

This figure transforms into a figure contained in E’ from 
whose inspection we conclude that if we call y’ the image of y, 
the center of 7’ is the image of the center of . 
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8. Preservation of Angles at the Origin. We take now the posi- 
tive number 


(1) > 
and consider the circle 

(2) 
and the circle 

(3) yt = 7? 


into which the circle (2) is transformed. We will show that every 
regular polygon inscribed in (2) and whose sides have a length 
less than (r—1) is transformed into a regular polygon inscribed 
in (3) and having the same number of vertices. 

Two adjoining sides of the former polygon must in fact, by 
the result of the last paragraph, be transformed into contiguous 
segments of equal length inscribed in (3). The second polygon is 
therefore either a regular polygon similar to the first or it is 
starshaped. But in this latter case at least two sides of it would 
cross at a point interior to the circle (3) and such a point must 
necessarily be the image of a point exterior to the circle (2). But 
this is readily shown to be impossible by using a reasoning like 
that of §6. Thus it is proved that the two polygons are similar 
to one another. 

We apply this to all such polygons inscribed in (2) which have 
a common vertex at the point x=r, y=0. 

Any point of the circle (2) which satisfies the condition 


(4) iy = r-e2tipla 


where # and g are arbitrary integers and g~0, can be considered 
as a vertex of one at least of these polygons. And we can always 
choose the coordinates x’ and y’ in such a way that the images 
of all the points (4) must be calculated by the formulas 


Tr r 

9. Families of Circles which Are Transformed by a Similarity. 

Take now all the tangents to the circle (2) whose points of con- 

tact coincide with the point set (4) and call A the set of points 

of intersection of each two of these tangents. Each point of the 


| 

| 

| 

| 

| 

| 


1937-] CIRCULAR TRANSFORMATIONS 577 


set A will then be transformed into a certain point contained in 
the exterior of the circle (3) whose coordinates must be calcu- 
lated by (5). 

Call A* the family of circles, each of which is contained in E 
and passes through three points at least of the set A. The image 
of every one of these circles is necessarily connected with the 
circle itself by the transformation (5). 

We remark finally that the point set A is everywhere dense 
in the exterior of the circle (2) and that therefore every circle 
lying in E and possessing points outside of (2) can be indefinitely 
approximated by circles belonging to the family A*. 


10. Proof of the Continuity of the Transformation. Our next 
step is to show that our transformation is necessarily continu- 
ous along the circle (2). If this were not the case there would 
exist on this circle at least one point Py whose image on the circle 
(3) we obtain by a rotation around the origin through an angle 
6 lying between zero and 27. We could then construct a point set 
B analogous to our former point set A and a set of circles B* 
analogous to A* and possessing the following property: To ob- 
tain the image of a circle belonging to B* we must combine the 
amplification of §9 according to the cases either with a rotation 
around the origin through the angle @ or with a reflection on 
some diameter of the circle (3). 

In both these cases it is always possible to find two circles, 
say ¢, and @, both lying in the region 


(6) > 97; 


cutting one another, and such that if we transform c, by the 
amplification of §9 and cz by one of the transformations which 
have just been described, we obtain as result of these trans- 
formations circles which have no point in common. 

We now approximate ¢, by a circle c* belonging to A* and 
c, by a circle c* belonging to B*. If these approximations are 
close enough the circles ci* and c¥ will cut one another and will 
be transformed by the transformation we study into circles hav- 
ing no common point. But this is in contradiction with the gen- 
eral principle laid down at the end of §2. 

We must therefore assume that all the points of the circle 
(2) are transformed into the points of (3) by the transformation 


hl 
a 
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(5) and the same is then the case for all the points of the region 
(6). 

11. The Theorem for the Circle. Take nowa point P of E lying 
between the unit circle and the circle (2). Consider two circles 
of E passing through P and possessing points inside of the 
region (6). By hypothesis these circles are transformed into 
circles and besides they contain arcs whose images we know. 

The result is that the formulas (5) must hold for every point 
of the region E. As this region must by assumption be trans- 
formed into E’ we find that we must have 


(7) 
In short we have proved the following theorem: 


THEOREM 1. Every arbitrary one to one correspondence between 
the points of a circular disc C and a bounded point set C’ by which 
circles lying completely in C are transformed into circles lying in 
C’ must always be either a direct or an inverse transformation of 
Mobius. 


12. The General Theorem. We now consider a general region R 
and suppose that there exists a one to one correspondence be- 
tween the points of R and some point set R’. We assume further- 
more that by this correspondence circles of R are transformed 
into circles lying on R’. We call c and c’ two such corresponding 
circles and suppose that every point interior to c belongs to R. 
Through every pair of points P and Q lying in the interior of c 
there passes at least one circle c, having no points in common 
with c. To this circle corresponds a circle c{ which has no point 
in common with c’. Therefore both points P’ and Q’ which cor- 
respond to P and Q must lie on the same side of c’. It follows 
that the interior of c must correspond to a point set which lies 
on one side of c’. This point set is either itself bounded, or it 
can be transformed by an inversion on the circle c’ into a 
bounded set. In both cases we can apply the previous theorem. 
As the circle c can be taken at random we have finally the fol- 
lowing theorem. 


THEOREM 2. Suppose that to every point P of a region R cor- 
responds a point P’ of some point set R’ and that to two different 
points P and Q of R correspond two points P’ and Q' of R’ differ- 
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ent from one another. Suppose that to every circle c contained with 
its interior in the region R corresponds a point set of R’ which con- 
sists of all the points of a closed circle c'’. Then the point set R’ is 
itself a region and the transformation of R into R’ is analytic and 
either a direct or an inverse transformation of Mobius. 


It is not difficult to generalize this result by restricting the 
class of circles c belonging to R which are supposed to be trans- 
formed into circles. Take for instance a continuous positive 
function ¢(P) defined everywhere in the region R. Then the 
theorem holds if we suppose that every circle of center P and 
whose radius is less than ¢(P) is transformed into a circle lying 
on R’. 

The following generalization of Theorem 2 is nearly self evi- 
dent if we note that three circles in space cutting one another at 
six different points must lie on the same sphere. 


THEOREM 3. Supposing that a plane region R is transformed by 
a one to one correspondence into an arbitrary point set R’ lying in 
n-space (n=3) under the same assumptions as before, then R’ must 
be a two dimensional sphere or a plane and the transformation 
is a transformation of Mobius. 


Other generalizations can also be imagined which, however, 
are outside the scope of this note. 


UNIVERSITY OF MUNICH 


A NOTE ON DETERMINANTS 
BY M. H. INGRAHAM 


The following theorem, with its corollary, when applicable 
affords great numerical simplifications. Although the writer has 
tried and failed to discover it in the literature, it is submitted 
with some hesitation lest it may not be new. The corollary was 
discovered and proved by the author. Upon seeing it Professor 
Max Zorn suggested the more general form of the theorem, 
which was then proved by the author. 


THEOREM. If A is a square matrix (Ajj), (¢,j=1,---, 
where the A;; are mXm matrices which are commutative in pairs, 
and if B is the mXm matrix which is arrived at by taking the 
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determinant of A with the A ;; as elements, then the determinant of 
B is equal to the determinant of A. 


If (G(x) =gi;(x)) is a square matrix whose ele- 
ments are polynomials g;;(x) and if M is a square matrix of con- 
stant elements, then if the determinant of G(x) is g(x), the deter- 
minant of G(M) (that is, the matrix of matrices g:;(M)) is the 
determinant of g(M). 


The method of proof is by induction on . We will first con- 
sider the case where the field to which the elements of the A ;; 
belong has an infinite number of elements. It will be sufficient 
to show that the theorem holds when A is replaced by A —AI 
and A;; by A;;—AJ, where Au—XI is non-singular, since the 
identity established will hold for an infinitude of values of X 
and hence for \=0. 

Consider A‘) = (A —XI)C where 


IT, — (An — An, — (An — AJ) — (An — 

0 I 0 see 0 
0 I 0 

0 0 I 


We see that A‘ is a matrix of the same type as A, and 
| A‘®| =|A—XI|, since | C| =1.1f B® and B® are derived from 
A® and A—NXI respectively in the same way that B is from A, 
then B® = B®, But A™ is such that A{P=An—XI and =0, 
(i#1), so that BO) =(A{?—XD)D where D is derived from the 
minor matrix of A{j)—XJ in the same way as B from A, and 


|A“®| =| A{P| | D| since our proof by induction assumes that 
the theorem holds for (n—1)X(u—1) matrices of matrices. But 
|B®| =| B®] =|An| | D| =|A@| =| Hence the theo- 


rem follows for infinite fields. 

As all finite fields are Galois fields derived from the field of all 
rational functions, an identity of above type that holds in the 
latter field is also true for Galois fields. 


UNIVERSITY OF WISCONSIN 
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A NEW DEFINITION OF A STIELTJES INTEGRAL* 
BY A. H. COPELAND 


Let f(x) be a function of limited variation defined on (a, 8), 
and x1, x2, - - - , X, a sequence which divides (a, 8) into a finite 
number of intervals. Let g(x) be bounded on (a, 8). If 


(A) lim { = 

exists when x;—x;,_; tends to zero, this limit is the Riemann- 
Stieltjes integral of g with respect to f. If g is continuous the 
integral exists. If g is not continuous (A) need not exist. In 
particular (A) does not exist when g is of bounded variation 
unless restrictions which are conditioned by g are placed on the 
sequence 1, X2, - - 

In this note we define an integral of g with respect to f as the 
Cesaro mean of g formed for a sequence x1, x2, - - - of ordinates. 
This sequence is defined in terms of f only. When the function f, 
and consequently the method of formation of the sequence 
X1, X2, - + - , has been given, the integral exists for every g which 
has discontinuities of the first kind only, and reduces to (A) 
when g is continuous. For the present we shall assume that f 
is monotone, f(a+0) =0, and f(8) =1. At a later point we shall 
show how these restrictions can be removed. 

The sequence x;, %2, - - - isrelated to the function f in the fol- 
lowing manner: Let a<x<Xb be any sub-interval of a<x<8. 
Let H, be the number of points of the sequence %1, - , Xn 


* Presented to the Society, December 31, 1930. For other extensions of the 
concept of the Stieltjes integral, see H. L. Smith, On the existence of the Stieltjes 
integral, Transactions of this Society, vol. 27 (1925), p. 491; S. Pollard, The 
Stieltjes integral and its generalizations, Quarterly Journal of Mathematics, 
vol. 49 (1920-3), p. 73; Kolmogoroff, Untersuchungen iiber den Integralbegriff, 
Mathematische Annalen, vol. 103 (1930), p. 654; Young, The algebra of many- 
valued quantities, Mathematische Annalen, vol. 104 (1931), p. 260, and 
Many-valued Riemann-Stieltjes integration, Cambridge Philosophical Society 
Proceedings, vol. 27 (1931), p. 325; Ben Dushnik, On the Stieltjes integral, 
published by Edwards Brothers (Ann Arbor). 
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which fall in (a, 6). Then H,/n is the relative frequency with 
which the terms of the sequence fall in (a, b), and 


H, 
(1) in = fib + 0) — fle 


n— 
A similar condition holds for closed intervals, open intervals, 
and intervals closed on the left and open on the right. 


Let G, =g(x1) +g(xe) + --- +2(x,). If the sequence x, x2, - - - 
satisfies (1) the integral is defined by* 


Gr B 
(2) tim — 
no a 
provided this limit exists. 
In order to construct the sequencef %1, X2, - - - , Xn we shall 
group the terms as follows: x1; %3; %4, . The sth 


group contains the terms x; whose subscripts have the form 
i=s(s—1)/2+k where k=1, 2,3, - - -, s. Let x; be the greatest 
lower bound of the numbers x for which 


f(x — 0) S (2k — 1)/2s S f(x + 0). 


Then f(x;—0) S$ (2k—1)/2s<f(x:+0) and a<x;<b if and only 
if f(a+0) <(2k—1)/2s<f(b+0). If z, is the number of terms 
of the sth group lying in (a, 5), then 2, is the number of integers 
k for which these last inequalities hold. Simple arithmetic then 
gives 


[f(b + 0) — fla+0)|s—1<2, < [f(b +0) — f(a+0)]s +1. 


Therefore 


* Lim,.., G,/n is the arithmetic or first Cesaro mean of the ordinates g(x1), 
g(x2), --- . In this connection we note that J. C. Burkill has developed a defini- 
tion of an integral based on Cesiro means and Perron’s integral. See Proceedings 
of the London Mathematical Society, (2), vol. 34 (1932), pp. 314-322; vol. 39 
(1935), pp. 541-552; Journal of the London Mathematical Society, vol. 10 
(1935), pp. 255-259; vol. 11 (1936), pp. 43-88, 220-226. 

+ The method which we shall describe is similar to that used by von Mises 
in the second example of his article Uber Zahlenfolgen, die ein kollektiv-ahnliches 
Verhalten zeigen, Mathematische Annalen, vol. 108, no. 5 (1933). An alterna- 
tive construction can be found in the author’s article A matrix theory of meas- 
urement, Mathematische Zeitschrift, vol. 37, no. 4 (1933). 
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+ 0) — fla + 0)Js(s + 1)/2-—s<h, 
< [f(b + 0) — fla + 0)]s(s + 1)/2 +5, 
where h,=2i:+22+ --- +2,. If s(s+1)/22=n>s(s—1)/2, then 
and hence 
[f(b + 0) — f(a + 0)]s(s — 1)/2 — (s — 1) < A, 
< [f(6 + 0) — f(a + 0)]s(s + 1)/2 +s. 
If we divide the left-hand member of this inequality by 
s(s+1)/2, the middle member by 1, and the right-hand member 
by s(s—1)/2, we obtain 
—1 _ As — 1) He 
1 
s+ s(s + 1) sa 


? 
< [f(b + 0) — 


[6 + 0) — fla + 0)] 


Therefore 


lim H,/n = f(b + 0) — f(a+ 0). 

Similarly, since the number of integers k satisfying the in- 
equalities f(a —0) < (2k—1)/2s <f(a+0) is greater than [f(a+0) 
—f(a—0) ]s—1 and less than [f(a+0) —f(a—0) ]s+1, it follows 
that the relative frequency with which a number a is repeated 
in the sequence x1, x2, --- tends to f(a+0)—f(a—0) as n be- 
comes infinite. Thus conditions (1) are satisfied with respect to 
closed, open, and half open intervals. 

We shall next prove the existence of the integral. Let a<x<b 
be any sub-interval of (a, 8) and let G,’ be the sum of those 
terms of the set g(x1), g(x2), - - - , g(%n) for which the correspond- 
ing ordinates lie in (a,b). Then mH, SG,’ < MH, where M and m 
are the maximum and minimum? of g(x) in (a, b). Thus the 
superior and inferior limits of G,’ /n both lie between m[f(b+0) 
—f(a+0)] and M[f(6+0)—f(a+0)]. Hence these limits differ 
by at most (M—m)[f(b+0)—f(a+0)]. If GZ’ is the sum of 
those terms of g(x:), g(x2), - - , g(x») for which the correspond- 
ing points of x1, x2,--- are equal to some number c, then 
G,/' /n approaches the unique limit g(c)[f(c+0) —f(c—0) ]. 


* In case g(x) does not possess a maximum and minimum in (a, 5), then M 
and m shall designate the least upper and greatest lower bounds of g in this 
interval. 
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If € is a given positive number and c is any point of (a, 8) for 
which the saltus of g(x) is less than e, then c can be enclosed 
in an interval (a, b) within which the oscillation of g is less 
than e. It follows that the superior and inferior limits of G,/ /n 
differ by at most e[f(6+0)—f(a+0)]. If the saltus of g at a 
point c is greater than or equal to ¢, then, since the discontinuity 
of g at ¢ is of the first kind, we can choose two points a and b 
for which the oscillation of g is less than €/2 in each of the 
intervals a<x<c and c<x<b. Hence the superior and inferior 
limits of G,’ /n for the intervals (a, c) and (c, b) differ respectively 
by at most [f(c—0)—f(a—0) ]e/2 and [f(6+0)—f(c+0) ]e/2. 
Since the superior and inferior limits of G,/’/n for the point c 
differ by 0, it follows that the superior and inferior limits of 
G,! /n for the interval (a, b) differ by at most e[f(6+0) —f(a+0) ]. 

Since g(x) has discontinuities of the first kind only, it follows 
that the points at which the saltus of g is greater than € are 
finite in number. Consequently the interval (a, 8) can be di- 
vided into a finite sum of intervals such that the superior and 
inferior limits of G,’ /n in the zth interval (a;1, a;) of the de- 
composition differ by at most e[ f(a: +0) —f(a:1+0) |. It follows 
that the superior and inferior limits of G,/n differ by at most 
[f(a:+0) —f(a:1+0) ] =e[f(8) —f(a+0)]=e. Thus the limit 
of G,/n exists. Moreover if x1, x2,--- and 4, %,--- are two 
sequences satisfying conditions (1) with respect to f(x), and 
if G,’ and G,’ are corresponding sums for the interval (a;_1, a;), 
then G,’ /n and G,! /n approach limits which differ by at most 
e[ f(a: +0) —f(a:1+0) ]. It follows that G,,/n and G,,/n approach 
the same limits. 

If f(x) is monotone but fails to satisfy the conditions f(a+0) 
=0 and f(8)=1, then we can define the integral by means of 
the equation 


8 
(3) f e(x)af(x) = [f(8) — flat 0)] f 
where $(x) = [f(x) —f(a+0) ]/[f(8) —f(a+0) ]. If f(x) is an arbi- 


trary function of limited variation, we can define the integral 
as the difference of the integrals with respect to the positive 
and negative variations of f. Thus if g(x) has discontinuities of 
the first kind only and if f(x) is of limited variation, then the 
integral exists. 
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In order to form the integral over a sub-interval (a’, B’) of 
(a, B), the following device is convenient. Let (x) be a function 
which is equal to g(x) when ~x is in (a’, B’) and equal to 0 
otherwise. Then the integral of y(x) extended over the interval 
(a, B) is equal to the integral of g(x) extended over the interval 
(a’, B’). It is however necessary to investigate whether or not 
this definition is consistent with (2). We have 


8B 8B 
vdf = {f(8) — fla+0)} f yd¢, 


B’ 
J sar= (18) fe’ +0} 
where 


= {f(x) — fla + 0)}/{f6) —fiat+o)}, 
= {f(x) — fe’ + — fle’ + 0)}. 


Let G, and G, be the sums corresponding to the first and second 
of these formulas respectively. Then the part of G, which arises 
from the exterior of a’<x<f’ is zero. If (a, b) is an interval 
with a’<a<b<§’, and G,! and G, are the parts of G, and G, 
arising from a<x 3b, then 


Gy 


lim 


M{f(b+ 0) — fla+0)}, 


m{ f(b +0) — f(a+0)} 


IIA 


and the same relations hold for G,’. The numbers m and M are 
the greatest lower bound and least upper bound of g ona<x<b. 
The relation 


now follows as in the proof of the existence of [8gdf. 

If G1, G,?, and G, are the sums corre:ponding to the func- 
tions gi(x), ge(x), and g(x) =g,(x)+g2(x), then G,}+G,2 =G,. 
Hence, dividing by m and passing to the limit, we obtain 


586 A. H. COPELAND [August, 


(5) eas + = [g: + geldf. 


In particular, if g:.=g on a<x<vy, g:=0 elsewhere, and g2=g on 
<x <8, g2=0 elsewhere, y being any point on a<x SQ, it then 
follows from equations (4) and (5) that 


© 


where each interval over which the integral is taken is open on 
the left. If y is a point of discontinuity of f and g(y) #0, then 
f,gdf #0 and consequently cannot be included twice if (6) is to 
hold. 

When f is a monotone function such that f(a+0)=0 and 
{(8) =1, the integral gives the average value of g and hence is 
equal to a number yp lying between the maximum M and the 
minimum m of g. When the conditions f(a+0) =0 and f(8) =1 
are not satisfied, it follows from (3) that the number yw must be 
multiplied by f(8)—f(a+0) to give the value of the integral. 
Thus 


B 
(7) = - fle 


It is easily seen that (7) is true for an arbitrary function of 
limited variation. By means of equations (6) and (7) it can 
readily be proved that the integral which we have defined re- 
duces to the classical Stieltjes integral when g is continuous. 
We shall show that the formula for integration by parts, 


B B B 


is valid provided the functions f and g are of limited variation 
and their determinations at points of singularity are such that 


floc) = [fle + 0) + fle — 0)]/2, 
g(c) = [g(c + 0) + g(c — 0)]/2, 
for every c of (a, 8). First let us note that since f and g are of 


limited variation, their singularities are of the first kind only. 
Hence we are assured of the existence of the integrals of equa- 
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tion (8). Next if (a, b)* is any sub-interval of (a, 8), we have the 
equations 


a 


= f(b)g(b) — f(a)g(a) — »[f(b) — f(a)] — u[g() — g(a)], 
where f(a) Su <f(b) and g(a) Sv <g(b), 


b 
0 = f(d)e() — — [e(6) — g(a)] 
(10) (a) + g(b) 
a 


Subtracting equation (10) from equation (9) we obtain 
b b b 
f d[f(x)g(x) ] -f g(x)df(x) -f f(x) dg(x) 


= $[¢(b) — g(a)] + — 
where ¢=[f(b)+f(a)]/2—p and y=[g(b)+g(a)]/2—». When 


the integration is extended over a single point c (that is, from 
c—0 toc+0), then the numbers yu and v of equation (9) become 
respectively f(c) and g(c). Hence 6=y=0 by virtue of the de- 
terminations of f(x) and g(x) at their points of discontinuity. 
It follows that the formula for integration by parts is valid pro- 
vided the interval of integration is a single point. 

Returning to the general interval (a, b), we observe that | | 
and | y| are less than or equal to the oscillations of f(x) and g(x) 
in (a, b). Hence if c is any point of (a, 8), we can find an in- 
terval (a, b) including c and such that |¢| and || are less than 
¢/2 for each of the intervals (a+0, c—0) and (c+0, b+0). Thus 


< e(| — f(a) | +| — g(a)|). 


We can form a finite decomposition of (a, 8) such that for each 
interval (a, b) of this decomposition inequality (12) holds. It 
follows that the expression 


(11) 


(12) 


* For the sake of simplicity a is taken as a point of continuity of f. When 
this is not the case the necessary modifications are obvious. 
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B 8 B 
f d[f(x)g(x) ] -f g(x)df(x) -f S(x)dg(x) 


is less than € multiplied by the total variation of f(x) plus the 
total variation of g(x). Hence this expression must be equal to 0 
and therefore the formula for integration by parts is valid under 
the above hypotheses. 


UNIVERSITY OF MICHIGAN 


A SET OF POSTULATES FOR BOOLEAN ALGEBRA 
BY SOLOMON HOBERMAN AND J. C. C. MCKINSEY 


1. A New Set of Postulates. In the development of a Boolean 
Algebra, Boole’s Law of Development 
f(x) = + f(0)2’, 


stands out as a basic relationship. This law is so all embracing 
that the question naturally arises, if this is set as a postulate, 
what postulates in addition to it are needed to define a Boolean 
Algebra? Using as undefined a class K and the Sheffer stroke 
function, we shall show that, in addition to a form of Boole’s 
Law, only two “trivial” postulates are required. 


POSTULATES.* 
I. K contains at least two elements. 
II. If a and b are elements of K, then a/b is an element of K. 


Definitions: a’ =a/a, a-b=a'/b’, and a+b=(a/b)’. 


III. There exists in K a unique element 0, such that, tf f(x) ts 
any function definable in terms of /and elements of K, we have, for 
any x in K, 


f(x) = f(0’)x + f(0)x’. 
THEOREM 1. 0’’=0. 
Proof: From III, and the preceding definitions, we have 
(1) x = 0’'x+ 02’ = [(0’x) /(Ox’) |’; 


in particular 


* This is the smallest set of postulates for a Boolean Algebra yet given. 
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0 = [(0’0)/(00')]’. 
Thus there exists in K an element 1, such that 
0= 1’, 
From (1) above 
1= 01+ 01), 
and 
1= 1/1411. 
Letting f(x) =x’’x+<x’'x’ in III, we have 
+ = + 00") x + (00 + 0/0’) x’; 
in particular 
1= 1141/1’ = + 0"0”)1 + (00 + 0071’. 
This becomes 
1=071+0'1’, 
since letting f(x) equal x’’ and x’ respectively in III yields 
= +0"x’, and x’ = 0’x + 0'x’; 
in particular 
= + 0"0”", and 0’ = 0'0+ 01’. 
Letting f(x) =0/’’x+x’’x’ in III, we have 
+ xx! = + 0'0")x + + 00’) x’; 
in particular 
1= 071+ = (0’0’ + 0’"0”)1 + + 00’)1’. 
This becomes 
1=071+0'1, 
since 
= 0'"0' + 0'"0", and 0” = 0'70+ 


From III, x’’ thus and 1=1”. 
Hence 1’=1’"’ and 0=0”’. 


THEOREM 2. x’’ =x. 
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Proof: =0'"'x+0''x’ =0'x+0x’ =x. 
From Theorem 1 and the definition of 1, we have 0’ =1, and thus 
0/0=0’=1, and 1/1=1'=0. 
THEOREM 3. 1/0=0/1=1. 


Proof: From III and the definitions, we have 


1=01+01' = 0/0+ 1/1 =1+0 = (1/0)’; 


0 = 1/0. 
0’ = + 00’ = 1/1 + 0/0 = 0+ 1 = (0/1)’; 
0 = 0/1. 


THEOREM 4. 0+0=0, 1+0=1, 0+1=1, 1+1=1, 00=0, 
10=0, 01=0, and 11=1. 
Proof: These equations follow immediately upon using the 
results of the preceding theorems in the definitions of + and -. 
In the following theorems the equations are obtained by let- 
ting f(x) equal the left-hand side. 
THEOREM 5. 1x=x=x 1=0+x=x+0. 
Proof: 1x=(1 1)x+(1 0)x’=1x+07’, 
x=1x+0x’, 
x1=(1 1)x+(0 1)x’=1x+0x’, 
O+x=(0+1)x+(0+0)x’ =1x+0x’, 
x+0=(1+0)x+(0+0)x’ =1x+0x’; 


since all five are equal to 1x+0x’, the theorem follows. 


THEOREM 6. 0x =x0=0=<xx’. 


Proof: Ox =(0 1)x+(0 0)x’=0x+0x’, 
x0=(1 0)x+(0 0)x’ =0x+0x’, 
0=0x+0x’, 


xx’=(1 1’)x+(0 0’)x’ =0x+0x’; 
since all four are equal to 0x+0x’, the theorem follows. 
THEOREM 7. 1+x=x+1=1=x+2x’. 


Proof: 1+x=(1+1)x+(1+0)x’ 

x+1=(1+1)x+(0+1)x’ =1x+1x’, 
1=1x+1x’, 

x+x’ =(1+1’)x+(0+0’)x’ =1x+1x’; 


— 
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since all four are equal to 1x+1x’, the theorem follows. 
THEOREM 8. ax =xa. 


Proof: ax=(a 1)x+(a 0)x’=(1 a)x+(0 a)x’ =xa. 

THEOREM 9. a+x=x+<a. 

Proof: a+x=(a+1)x+(a+0)x’ =(1+a)x+(0+a)x’ 
=x+a. 

THEOREM 10. x-++bc = (x +5) (x+<c). 

Proof: (x+b) (x+c) =(1+5)(1+c)x+ (0+b)(0+c)x’ 


=(1)(1)x+(b)(c)x’ =1x+be x’ 
=(1+bc)x+(0+bc)x’ =x+be. 
THEOREM 11. xb+xc=x(b+c). 


Proof: xb+xc = (1b+1c)x+(0b+0c)x’ = (b+c)x+0x’ 
=(b+c)x=x(b+c). 


The postulates we have given are known to be true in a Boolean 
Algebra, therefore they are necessary. We shall show that they 
are sufficient by showing that Huntington’s postulates are de- 
rivable from them. 


2. Huntington’s Postulates and their Derivation. The following 
is Huntington’s set of postulates; to each is appended a brief 
indication of its derivation from those of our set. 

1. (a) If aand b are elements of K, then a+b is an element of K. 
By definition, a+b = (a/b)’ = (a/b) /(a/b); by Postulate I, ifaand 
b are elements of K, a/b is an element, and a+ is an element. 

(b) If a and b are elements of K, then a-b is an element of K. 
By definition, a-b=a’/b’ =(a/a)/(b/b) is an element of K as 
above. 

2. (a) There exists an element 0 in K such that a+0=a. 

(b) There exists an element 1 in K such that a-1=a. 

Theorem 5. 


3. (a) If a, b, a+b, b+<a belong to K, thena+b=b+a. 
Theorem 9. 

(b) If a, b, ab, ba belong to K, then ab=ba. 
Theorem 8. 

4. (a) If a,b,c, bc, a+bc, a+b, a+c, and (a+b) (a+c) belong 
to K, then a+bc= (a+b) (a+c). 
Theorem 10. 


= 
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(b) If a, b, c, b+, a(b+c), ab, ac, and ab+-ac belong to K, then 
ab+ac=a(b+c). 
Theorem 11. 

5. If 0 and 1 exist and are unique, then for every element a be- 
longing to K there exists an element a’ in K such that a+a’ =1 and 
aa’ =0. 

Theorems 1, 6, and 7. 

6. There are at least two distinct elements in K. 

Postulate I. 


3. A Two Element Boolean Algebra. A set of postulates for a 
two element Boolean Algebra can be obtained by changing 
Postulate I to: “K contains two and only two elements.” 


4. Independence Examples: 


1. K = {a}, aja=a. 
2. K = 30, B}, 
(0, 6} 6 y B O 
Biy y 0 0 
y¥|B 0 B O 
6|0 00 0 
3. K = {a,B}, 
Blae 
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